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Abstract
An efficient and reliable method is presented for computing the expansion coefficients in 
the eigenfunction series representing the prolate and oblate spheroidal functions. While 
the traditional method is based on recurrence relations, infinite continued fractions, and 
a variational procedure, the new method is based on reformulating the computational 
task as an eigenvalue problem. In contrast with the traditional method, the new method 
requires no initial estimates o f the eigenvalues, and the computations can be performed 
using readily available computer library routines. The new method is shown to produce 
accurate expansion coefficients for the spheroidal functions required to study scattering 
by particles with a wide range o f shapes, sizes, and complex refractive indices [1].
In a previous study in which the scattering characteristics o f Polar Stratospheric 
Clouds (PSCs) were calculated using randomly oriented monodispersions o f  prolate 
spheroids [2], the scattering signature o f the main types o f PSC particles was related 
to particles o f  a certain shape and size range. Here these results are used as a refer­
ence for testing a new method for calculating the scattering characteristics o f  PSC like 
clouds. The method is based on finding the single scattering solution for spheroids using 
the rigorous Separation of Variables Method (SVM), and then from it obtain the so 
called T-matrix.
The following question is addressed: Can the backscatter depolarization returns be 
used together with other remote sensing techniques to determine either basic shape 
(degree of needle- or disc-like asphericity) or size information of ice cloud particles? To 
this end the SVM is again utilized to obtain the T-matrix for a variety of size, shape, 
and size-shape distributions o f ensembles of randomly oriented spheroidal particles. The 
results indicate that single-wavelength depolarization lidar returns are insufficient to 
uniquely determine both the size and the shape of the particles in an ice cloud. However, 
a combination o f an NIR depolarization lidar and additional information obtained by 
complementing instruments -  from which either size or shape can be estimated -  has the 
potential for determining the mean size and shape o f particles in an ice cloud.
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Chapter 1
Introduction
With small liquid drops being the only exception, nonspherical particles "rule" in the 
atinosphere-ocean system. Common examples are aerosols, hydrosols. air bubbles and 
brine pockets in sea ice. and ice cloud particles. Accurate modeling o f their light scat­
tering properties is important for many applications o f radiative transfer models and 
remote sensing retrieval algorithms.
Several exact and approximate theories are used in the study o f light scattering by 
particles. For particles large compared to the wavelength o f the incident light, it is 
customary to consider the light as rays and not as waves, and this method is generally 
referred to as the ray-tracing technique. In principle it is possible to study light scattering 
from any kind o f particle with this technique provided that the particle has spatial 
dimensions that are large compared to the wavelength of the light. This technique goes 
back to Gallilei and further, but it is very much in use today, although often in a much 
more complicated form f.ex. [3. 4. 5. 6]. For particles small compared to the wavelength 
a general solution was presented by Lord Rayleigh in 1897 [7]. \Vrith this theory Lord 
Rayleigh was able to explain in scientific terms why the sky is blue. The particle size 
region between those scattering events that can be best described with Rayleigh theory 
and those that can be treated using ray-tracing techniques is called the resonance region. 
It is called the resonance region because the electromagnetic wave (the light) has a finite
12
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number of (significant) modes that can be supported (superimposed) as steady state 
solutions when interacting with a particle o f size comparable to the wavelength. The 
field that accounts for the perturbation o f the incident field, i.e. the field required 
together with the incident field to yield the observed total field, is called the scattered 
field. For certain configurations, often seen for spheres or when particles are lined up in 
regular ways, spectacular features can become visible for our viewing pleasure. Solving 
the electromagnetic scattering problem in this region involves taking into account the 
number o f ways an electromagnetic field can interact with the surface and interior o f a 
particle. For spheres this is relatively simple because o f the very simple geometry of the 
problem.
On the other side o f the scale we have non-spherical particles for which a closed 
solution often does not exist at all. In 1908, only a few years after Lord Rayleigh solved 
the electromagnetic scattering problem for particles small compared to the wavelength. 
Gustaf Mie [8] solved the problem for electromagnetic scattering by spherical particles 
comparable to the wavelength of the incident radiation. Although the Mie theory has 
been put to practical use only in recent years with the advent of powerful computational 
tools, it is fair to say that for spherical particles the Rayleigh theory for light scattering 
by small particles and the ray-tracing technique for large particles, was bridged by the 
formulation o f the Mie theory.
For the case o f  non-spherical particles the situation is much more complicated. Un­
fortunately. the majority o f the particles in the atmosphere-ocean system (not including 
the molecular level) are in the resonance region for the visible and infrared wavelengths. 
A major portion o f  the Suns: radiant energy that enters our atmosphere is in the visible 
part o f the spectrum. The earth radiates into space thermal energy in the infrared. The 
balance between the two determines our climate. This is why the field o f electromagnetic 
scattering by small particles and radiative transfer has received increasing attention in 
the recent years.
It has been established through theoretical and laboratory studies that the scattering
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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and absorption characteristics o f nonspherical particles are fundamentally different from 
those o f  spherical particles [9. 10. 11, 12]. Further studies show that spherical particle 
models are inadequate for modeling the optical properties o f  ice clouds and aerosol layers 
[9. 13]. An important question is: considering the multitude o f dissimilar particles in our 
environment, is there a way to account for the shape as well as size in a general way? 
Or. put another way: It is impractical to solve the scattering problem for each individual 
non-spherical particle (for example every snow-flake), but. since such particles seldom 
make a great impact when they are alone, can we study the impact o f an ensemble o f such 
particles by using a simpler model that describe them with a few parameters, or ideally, 
with only one extra parameter over that needed for spheres, namely a shape parameter? 
Hence, in order to adequately account for particle shape in climate models and remote 
sensing retrieval algorithms, the development of suitable nonspherical particle models 
has become an important field of atmospheric research. The development o f shape pa­
rameterization schemes for cirrus clouds [14] or aerosols can also greatly benefit from the 
development of accurate models that are based on first principles. Similar parameteriza­
tion schemes could be useful for GCMs to account for different cloud radiative feedback 
based on cloud types. Not only climate related studies need accurate descriptions o f light 
and energy transport in a medium containing non-spherical particles. Remote sensing 
applications are highly dependent on theories for non-spherical particle scattering, and 
analysis o f  depolarization lidar backscatter returns would be o f  little value in the absence 
of a firm theoretical basis for scattering by non-spherical particles.
In studies of scattering by nonspherical particles the spheroid is attractive for mod­
eling light scattering by particles of size comparable to the wavelength of light (particles 
with equal radius sphere or equal area sphere size-parameters less than about 100). The 
reason is that the spheroidal shape can be changed from mildly aspherical to needle-like 
(prolate) or disk-like (oblate) by varying just one parameter, the ratio o f the major to 
the minor axis or the aspect ratio. Therefore the spheroidal particle becomes a natural 
choice when one wants to extend studies o f scattering phenomena from simple spherical
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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particles to nonspherical particles.
Several theories and models deal with the problem o f scattering by spheroids [15]. In 
this work a new model is presented that, in analogy to the Mie theory, rigorously solves 
the electromagnetic scattering problem by separating the Helmholtz wave equation in 
the basis coordinate system and then solves the boundary value problem o f matching 
the external and internal electromagnetic field on the surface o f the particle. The basis 
coordinate system used is the spheroidal coordinate system. The method is commonly 
referred to as the Separation o f Variables Method, or SVM.
In Chapter 2 the details o f the method are described. Two major difficulties with 
this approach have prevented the use o f  this method earlier. The first is related to 
the evaluation o f the expansion coefficients, or eigenvectors, needed in the eigenvalue 
expansion for the spheroidal radial and angular functions. The present work deals with 
this issue. The second stems from the difficulty in utilizing the single scattering results 
obtained for the spheroids with the SVM. because the spheroidal vector wave functions do 
not readily lend themselves to efficient orientational averaging o f the scattering matrices. 
Schulz et al. [16] developed in work parallel to this an SVM approach that overcomes 
these shortcomings by using the SVM for calculating the particles7 T-matrix in spheroidal 
coordinates. This T-matrix can then be transformed into spherical coordinates and 
used to calculate the ensemble-averaged optical properties analytically and thus very 
efficiently. How the T-matrix is obtained is reviewed briefly in Chapter 2. Chapter 2 
is for the most part devoted to the problem o f obtaining accurate expansion coefficients 
for the spheroidal eigenfunctions used in the SVM. The new method for calculating the 
expansion coefficients is reported here and also in Ref. [1].
Until recently very little was known about the sliape-dependence o f the radiance 
and polarization o f the radiation emanating from a medium containing size-shape dis­
tributions of moderately and highly aspherical particles. It has been shown that the 
averaged phase function o f a size-shape distribution of randomly oriented mildly aspher­
ical spheroids has a smooth featureless variation with the scattering angle. It shows
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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none o f the characteristics typical for spheres and it qualitatively resembles the phase 
function o f natural aerosols [17]. One of the few methods efficient enough to model 
size-shape distributions o f randomly oriented particles is the Extended Boundary Con­
dition Method (EBCM). However, this method is limited to modeling particles that do 
not depart too much from spherical shape. The new SVM approach [16. 1] is capable 
of producing accurate results for spheroidal particles o f extreme shapes, including flat 
oblate disks and elongated prolate needles. Since the method also provides efficient and 
accurate averaging over orientational angles through the use o f the analytical method 
developed by Mishchenko [18], originally used only in connection with the EBCM. recent 
applications o f the new SVM approach has shown that the single scattering optical prop­
erties o f size-shape distributions of randomly oriented moderately and highly aspherical 
prolate spheroids are generally quite sensitive to variations in the effective aspect ratio 
of the shape-distribution [19].
Phase functions obtained with the new SVM have been published [16. 19] for size 
parameters up to x  =  10, and aspect ratios up to e =  12. The size parameter x  is 
defined as x  =  where r .\ is the radius of an area-equivalent sphere, and A
is the wavelength of the incident light. The aspect ratio o f a spheroid is defined as 
e =  a/b where a is the major and b is the minor axis of the spheroid. The improvements 
in the algorithms for computing the expansion coefficients for the prolate and oblate 
spheroidal eigenfunctions [1] have enabled us to extend the validity of the new SVM to 
larger size parameters. Examples o f phase functions for ensembles of randomly oriented 
size distributions o f moderately large spheroids with various aspect ratios are presented 
in Chapter 3. An important feature of these phase functions is that they are very 
similar to those that are often observed in nature. The assumption is that averaging 
over orientations, size and/or shape will smear out the characteristic features o f pristine 
shapes. The new SVM should hence provide a useful tool for applications in which one 
wants to include the effect o f nonsphericity for an ensemble o f particles with a distribution 
o f  shapes. Then special features in the phase function of individual particles tend to be
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
17
averaged out.
In lidar studies of the atmosphere the role o f nonspherical particles are o f  great im­
portance. It is well known that nonspherical particles will depolarize the light from a 
polarized lidar beam, whereas spherical particles will not. Aside from this, information 
about the size and shape o f  the particles is carried in the lidar backscatter return since, as 
shown here, the backseattering from nonspherical particles varies greatly with their size, 
shape, and composition. Efforts have been made to develop retrieval algorithms based 
on the polarization lidar backscatter return. So far it seems that a single-wavelength 
lidar system is insufficient for providing unambiguous information about the scattering 
particles. The situation is further complicated by the fact that the naturally occurring 
clouds consist o f particles o f  varying shape and size. Modeling efforts should therefore 
take into account particle size-shape distributions. A common lidar application is the 
study of Polar Stratospheric Clouds (PSCs). PSCs play an important role in the destruc­
tion of stratospheric ozone, especially at high latitudes. PSCs are optically thin clouds 
which appear regularly in the winter polar stratosphere. The crucial role o f PSCs in 
polar ozone depletion by heterogeneous chlorine activation on the PSC particle surfaces 
is well known. In Chapter 4 the results o f  Toon et al. [2. 20] are used as a reference 
for testing the method for scattering by spheroidal particles presented in the previous 
chapters. Results for the backscatter from various size, shape, and size-shape distribu­
tions of randomly oriented spheroidal particles at different wavelengths are presented. 
Due to the finite gate time o f the lidar instrumentation, a lidar bin will have a finite 
length on the order o f tens o f meters. A simple application in which we utilize a vector 
radiative transfer code together with the results for the scattering matrix o f  ensembles 
of nonspherical particles obtained earlier is presented in Chapter 4 as well.
Chapter 5 contains a summary o f the findings in the present work and suggests 
problems for further investigation.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Chapter 2
Electromagnetic Scattering by 
Spheroidal Particles
The Helmholtz equation is separable in the spheroidal coordinate system, and its exact 
solution, which is the basis for rigorous scattering by a spheroidal particle, has been 
known for some time [21]. However, the exact solution o f the Helmholtz equation is 
expressed in terms o f series o f eigenfunctions with coefficients that do not readily lend 
themselves to numerical computations. This is the major reason why the Separation of 
Variables Method (SVM) has not been widely used in acoustic or electromagnetic scat­
tering by spheroids. Another reason why the SVM has been o f  limited use in scattering 
by ensembles of particles is that in the conventional use of this method [22. 23]. the cal­
culation o f ensemble-averaged optical properties o f size-shape distributions o f  randomly 
oriented spheroids is very inefficient and computer-time intensive. However. Schulz et 
al. [16] recently developed an SVM approach that overcomes these shortcomings by using 
the SVM for calculating the particles^ T-matrix in spheroidal coordinates. The T-matrix 
can then be used to calculate the ensemble-averaged optical properties analytically and 
thus very efficiently.
This work has revitalized the question of whether the traditional method developed by 
Bouwkamp [24. 25] is accurate and versatile enough for automatic machine computation
18
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of the expansion coefficients for the spheroidal functions required to study scattering 
by particles of extreme shapes and a wide range o f sizes and refractive indices. Is it 
perhaps possible to develop a better method for computing the expansion coefficients? 
To answer this question we first point out that Stamnes and Spjelkavik [26] recently 
developed a new method for efficient and reliable computation o f the eigenfunctions 
series associated with scattering by elliptical cylinders. In that case the classical method 
developed by Ince [27. 28. 29] was based on recurrence relations and infinite continued 
fractions, while the new method was based on reformulating the computational task as an 
eigenvalue problem. Second, we point out that the traditional method of Bouwkamp [24] 
for computing the expansion coefficients of the spheroidal functions is based on recurrence 
relations, infinite continued fractions, and a variational procedure. Thus the question 
arises whether we also can develop for the spheroidal functions a new computational 
method by reformulating the computational task as an eigenvalue problem. The answer 
is affirmative, and in contrast with the traditional method, the new method requires no 
initial estimates o f the eigenvalues, and the computations can be performed using readily 
available computer library routines.
2.1 Introduction
A lot o f work on scattering by non-spherical particles has been focused on particles 
with a certain geometry. The work on scattering by various versions o f regular ice 
crystals is an example of this [30. 31. 32. 33. 34. 35]. While many o f these theories 
are useful for special applications like explaining various types o f halos or other special 
effects, it is much more commonly found in nature that the shapes in an ensemble of non­
spherical particles are highly variable [36]. Not only that, the particles in nature are often 
randomly oriented as well. Such naturally occurring ensembles have been shown to yield 
smooth, featureless phase functions unlike the phase functions obtained for ensembles 
of regular shapes [37, 17]. Since it is impractical to try to account for the variation in 
shape by calculating the scattering properties o f each shape in an ensemble individually.
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it is highly desirable to achieve a good representation of the ensemble averaged optical 
properties by performing the single scattering calculations on a simple type o f particle 
that has one additional parameter compared to spheres, namely a shape parameter. The 
spheroidal particle is one possible choice.
Several methods can be used to solve the problem o f light scattering by a spheroidal 
particle. The two most commonly used methods are the Extended Boundary Condition 
Method (EBCM) and the Separation o f Variables Method (SVM ). The reason for this 
is mainly that the other methods, like the Geometric Optics Approximation (G O A) or 
Discrete Dipole Approximation (DDA), are restricted in their range of validity when it 
comes to the size of the spheroids, and. as mentioned earlier, the region of interest is 
often the resonance region where these methods in general are not applicable.
The EBCM is not restricted to scattering problems involving spheroids, but solves 
the electromagnetic scattering problem for a variety o f other types o f particles [38]. The 
EBCM produces accurate results for particles with size parameters up to about 150 
depending on the particle shape. This is enough to establish a good overlap with the 
GOA in most cases. A problem with the EBCM is that it requires that the particles do 
not deviate too much from spherical shape or else the numerical calculations will become 
ill-conditioned. This ill-conditioning stems from the EBCM requiring that the fields in 
the boundary value problem be expanded in terms o f Vector Spherical Wave Functions 
(VSW F) which are not well suited for this kind o f particles. This limits the applicability 
of the EBCM in many cases where the scattering properties o f highly aspherical particles 
are desired.
The SVM exploits the fact that the Helmholtz wave equation is separable in certain 
coordinate systems (14 in all). Examples of such coordinate systems are the spherical 
coordinate system (Mie theory), the infinite cylindrical or elliptical coordinate systems 
(2D), the cubic coordinate system, and the spheroidal coordinate system. However, the 
computational effort involved in this method is often quite high. For example, only in 
recent years did the computational algorithms involved in the Mie theory become effective
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and accurate enough to be of practical use as an integral part o f radiative transfer codes. 
This is especially true for large spheres or multi sphere (layered) configurations. Another 
drawback with the SVM has been that the T-matrix could not until recently be obtained 
from it for geometries other than the spherical one.
The solution to an electromagnetic single scattering problem is. at least for applica­
tions involving radiative transfer, most conveniently expressed in terms o f  the T-matrix. 
This is because the T-matrix greatly facilitates the computation of the optical properties 
o f randomly oriented particles. The T-matrix is traditionally computed with the EBCM. 
and often the EBCM is referred to as the T-matrix Method for this reason.
The scattering problem for ensembles o f particles o f varying shape and/or size is nor­
mally solved in two steps. First the scattering problems for single particles representing 
discrete sub-sets o f the different particle types o f the ensemble are solved, and then the 
single particle solutions are used to obtain the scattering properties for the ensemble as 
a whole. Finding the light scattering properties o f the ensemble involves an integration 
over particle orientations. When using the SVM this integration was traditionally done 
numerically which is computationally very expensive, especially for complex distributions 
o f particles. When using the EBCM this integration can be carried out analytically using 
the T-matrix for particles that are axially symmetric. This method is therefore much 
more efficient. The integration over orientational angles yields not only the absorption 
and extinction coefficients o f the ensemble, but also the expansion coefficients of the 
Stokes scattering matrix.
In work closely related to this, a new method for calculating the T-matrix for 
spheroidal particles was developed [16]. In this method the SVM is used to solve the 
electromagnetic scattering problem for a spheroidal particle. This solution is then used 
to find the equivalent o f the T-matrix in the spherical coordinate system. We shall de­
note this matrix the T-matrix with a caligraphic T in order to distinguish it from the 
T-matrix in spherical coordinates. A subsequent transformation o f the T-matrix into 
the spherical coordinate system yields the standard T-matrix. The advantage of this
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
approach is that the computation of the T-matrix in the particle's natural coordinate 
system circumvents the ill-conditioning that hampers the EBCM approach for particles 
that are far from spherical. The development of a method to find the T-matrix using the 
SVM thus lets us combine the best part o f the EBCM and the SVM: by using the SVM 
we avoid the ill-conditioning that arises in the EBCM when studying highly aspherical 
particles, while by obtaining the T-matrix we can compute the optical properties o f  the 
ensembles of randomly oriented particles more efficiently.
From the above it is obvious that the SVM scattering code consists o f many complex 
steps. The success o f the new method as a whole critically depends on the accuracy 
and speed o f the calculations o f the spheroidal functions, and accurate calculation o f  the 
expansion coefficients is a prerequisite for this step.
This chapter is organized as follows: In the first and bigger part, the SVM for 
spheroidal particles is presented with a strong emphasis on the new computational pro­
cedure for calculating the coefficients needed in the spheroidal eigenfunction expansions. 
Results are presented and discussed. In the second part the EBCM is briefly reviewed 
together with the method for obtaining the T-matrix and how it subsequently can be 
transformed into the T-matrix. The chapter is concluded with a summary, again with 
an emphasis on the computational procedures developed here.
2.2 The spheroidal coordinate system
Spheroids can be constructed by rotating an ellipse around its major or minor axis. The 
result will be an prolate spheroid in the former case, and a oblate spheroid in the latter. 
By varying the ratio o f  the minor axis to the major axis the aspect ratio, or eccentricity, 
of the spheroid will vary. The size and shape of a spheroid is determined by its inter- 
focal distance d and the eccentricity. The shape o f a spheroid can thus be varied from 
spherical to an infinitely thin (prolate) needle or (oblate) disk. In all cases it is possible 
to define a spheroidal coordinate system that coincides with the particle surface.
In a prolate spheroidal system the formulas connecting Cartesian and curvilinear
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a/b=l.8
Prolate Spheroids
a/b=3.4 
Oblate Spheroids
a/b=7.8
a/b=0.7 a/b=0.4 a/b=0.2
Figure 2.1. An example o f spheroidal particles, 
coordinates are given by
x  =  |  [(£2 -  1)(1 -  V2) ] l / ~ c o s 0  .
V =  7} [(£'" -  1)(1 -  t)2)] /2 sin^ . (2.1)
d
* =
in which d represents the inter-focal distance o f the generating ellipse. The valid ranges 
of the variables are
0 < 0  < 2tt ,
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1 <  £ <  oc .
- 1  < T) <  1 .
In the oblate spheroidal system the factor (£2 — I) in Eq. 2.2 is replaced by (
‘ z
•»?=c o n s t
Figure 2.2. The prolate spheroidal coordinate system.
(2 .2 ) 
2 +  1)
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everywhere, and there is two valid ranges of the variables. These are
range(a) : 0 <  £ < oc . — 1 < t/ < 1 , 0 < ^ < 2 7 t .
(2-3)
range(b) : — oc < £ < oc , Q <  tj <  1 , 0 < tj> <  2k .
In range (a) the surface £ =  0 is a circular area o f radius d/2 representing a degenerate 
(2D) ellipsoid located in three-dimensional space. In range (b) the quantity £ =  0 
corresponds to a circular hole o f  radius d/2 located in a plane infinite screen. While the 
first range is the one we shall use for scattering by oblate spheroidal particles, the latter 
is useful in diffraction problems involving circular apertures. For any finite value o f  the 
interfocal distance d. the spheroidal hypersurfaces approach spherical shape as £ —> oc. 
and
c£ —¥ kr
T) —> cos 0 (2-4)
where (r. 9. 4>) are spherical coordinates. The unit vectors show the following asymptotic
behavior as £ —► oc
£ —¥ r
t) —> —9 (2.5)
where the sign in (2.5) is due to the cosine being monotonically decreasing in the interval 
0 < 9 < 7T. The spheroidal hypersurfaces will also approach spherical shape as the 
interfocal distance goes to zero. With r x 9 =  (f>, it follows that (t). £. <j>) is a right-handed 
coordinate system, i.e. t) x  £ =  4>. In both the oblate and prolate case the eccentricity. 
e. is defined as the ratio o f major axis, a, to the minor axis, b. In terms of the surface 
parameter £o- i.e. the value £o =  const defines the surface of the spheroid, the eccentricity 
is given by
; < » > '  <2-6>
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Figure 2.3. The oblate spheroidal coordinate system, 
for the prolate system, and
£ =  ; f0  > 0
(2.7)
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for the oblate system. For a more detailed description o f the spheroidal coordinate 
system we refer to Ref. [39].
2.2.1 The Separation o f Variables M ethod
Assuming electromagnetic wave propagation in an isotropic, homogeneous, charge-free 
medium, solutions to the vector wave equations
V E  +  k2E =  0 : V H  -r k2H  =  0 (2.8)
can be formed from the scalar wave (Helmholtz) equation (V 2 +  k2)^  =  0. The
parameter k =  kon is the wave number with ko being the wave number in vacuum and 
h the refractive index of the medium in which the wave is propagating. The Helmholtz 
equation is separable in the spheroidal coordinate system, and a set o f solutions are given 
by [40]
^ m . n ( c .  =  5'm.„(c.r?)Rm.„(c .^ )$ r,1(0). (2.9)
Here m and n are integers, and r\ and £ are the angular and radial spheroidal coordinates, 
respectively. The parameter c is given by
c = \ k d .  (2.10)
where d is the inter-focal distance o f the family of confocal ellipsoids and hyperboloids of 
revolution that define the spheroidal coordinate system. The azimuthal function <&„,(</>) 
is either cosmcfr or sin mcp. where m > 0. and the functions 5m.n(c. 77) and R rn.n (c .O  are
the angular and radial prolate spheroidal functions, respectively, o f order rn and degree 
7i. The azimuthal function can also be expressed in terms o f exponential functions, but 
we shall not use these here.
When solving the scattering problem for spheroids the laws o f electromagnetic fields 
and wave propagation requires (a), that the fields are finite inside the particle, and (b). 
that the scattered field obey the radiation condition in the far-field. i.e. that the radiated
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field converges at infinity. In practical terms this implies the use o f the radial functions
of the first kind inside the particles because these are finite and regular everywhere in 
the c£ plane, including c£ =  0. By a similar argument we only need to consider the
since, for large distances from the spheroid, the scattered wave must approach a spherical 
diverging wave. But. since
we need to calculate the radial functions of the second kind as well as the radial functions
functions o f the second kind converges very slowly for small arguments £ one has to pay 
special attention to these functions [22. 39, 41. 42]. These functions are therefore also 
particularly sensitive to the accuracy of the expansion coefficients.
When Eq. 2.9 is substituted into the Helmholtz equation, we obtain the following 
differential equations for Sm,n(c, 77) and /2m.n(c, £)
the angular functions o f  the first kind both inside and outside the particle. From the 
asymptotic behavior o f the radial functions
(2.11)
(2 .12)
(2.13)
(2.14)
it is seen that we need to use the radial functions of the third kind outside the spheroid
Rg>n (c. 0  =  R£]n (c. f l  +  i R g l  (c. O , (2.15)
of the first kind in order to obtain the radial functions o f the third kind. Since the radial
771
1 — z
(2.16)
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where um,„(c. :)  stands for either Sm n^(c,q) or R m ^ c.^ )  and z correspondingly stands 
for either q or £. and where the separation constants or prolate eigenvalues Am.n(c) are 
to be determined such that the solutions um_n(c.z) are finite at z =  ±1 . Note that the
different ranges of the variable, i.e. —L < q < l  and 1 < £ <  oc.
By replacing c by — ic and £ by in Eq. 2.16. we get the differential equations 
associated with the oblate spheroidal coordinate system. The solutions are the angular 
and radial oblate spheroidal functions Sm_n{ - ic .q )  and Rm,n{ — ic. z£) associated with 
the oblate eigenvalues Am.„( —ic). The allowed ranges for the variables q and £ are now 
— 1 < t] <  1 and 0 < £ < oo.
We may expand the solution for S{c.q) in a series o f  associated Legendre functions 
o f the first kind with unknown expansion coefficients. The corresponding solutions are 
called angular spheroidal functions o f the first kind. Alternatively, we may expand the 
solution for S{c.q) in a series of associated Legendre functions of the second kind to 
obtain angular spheroidal functions of the second kind, but these functions play no 
role in the physical problems considered here. Hence we shall only discuss angular 
functions of the first kind from here on. and to simplify the terminology we call them 
just angular functions hereafter. The radial spheroidal functions R(c.£) (hereafter called 
radial functions) may be expanded in a series o f spherical Bessel or Hankel functions 
with the same coefficients as in the series for the angular functions. By substituting 
these series expansions for S{c.q) or R{c. £) into Eq. 2.16. we get recurrence relations 
between the expansion coefficients [40. 39]. It can be shown that these series expansions 
converge only for certain values of A. denoted by Am „ and called eigenvalues. We are 
interested only in solutions for S(c.q) or R(c.£) that are single-valued and finite at the 
poles t) =  ±1  or £ =  ±1 . respectively. For this to be true the constants m and n must 
be integers [43]. The values of m can be restricted to be zero or positive.
The angular functions in the prolate coordinate system are given by [40. 39]
angular and radial prolate spheroidal functions satisfy the same differential equation for
oc
(2.17)
fc=0,l
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where 0 < m <  n. Here djj.m'” ^(c) axe expansion coefficients. are associated
Legendre functions, and the primed sum extends over even (odd) indices k if n — m is 
even (odd). Once the expansion coefficients <fjj.m n^(c) have been determined, they can be 
normalized so that
S'm.n(c.O) =  P<m)(0). (2.18)
This is the normalization used by Flammer [39] and the explicit expression can be found 
in [39] or [40].
The radial functions are o f  four different kinds, and the function o f the first kind in 
the prolate coordinate system is given by
( ^ ) m'
(2.19)
L0 0  . - f c + m - n  (2 7 7 1  - t - f c ) !1 dk yC>  r,------ Jm -JtK ) ?
k=0,l
where jm+k(c£) 3X6 the spherical Bessel functions. The normalization o f  the radial func­
tions is arbitrary, but we have chosen here the normalization o f Flammer [39] which 
ensures that the radial functions asymptotically approaches the same value as the func­
tion they are expanded in when the argument approaches infinity. The radial functions 
o f the second kind are obtained by replacing the spherical Bessel functions in Eq. 2.19 by 
spherical Neumann functions, and the radial functions of the third and the fourth kind 
are obtained by replacing the spherical Bessel functions in Eq. 2.19 by spherical Hankel 
functions o f the first and second kind, respectively.
In a scattering problem the parameter c in Eq. 2.17 and Eq. 2.19 is given by
c  =  ^d k o h , (2.20)
where ko is the wave number in vacuum, and ft is either the refractive index of the 
homogeneous medium inside or outside the spheroidal particle. In general the refractive
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index n and hence the parameter c are complex. Thus c is real only when the particle is 
non-absorbing.
In Eq. ‘2.17 the angular prolate functions S(c. 77) o f the first kind are expanded in terms 
o f  associated Legendre functions o f the first kind with expansion coefficients djj.m'"*(c). 
and in Eq. 2.19 the radial prolate functions o f  the first kind. Rm]n(c. £). 3X6 expanded in 
terms of spherical Bessel functions jm-rki^) with the same expansion coefficients. The 
angular oblate functions of the first kind are obtained by replacing c by — ic in Eq. 2.17. 
and the radial oblate functions o f  the first kind are obtained by replacing c by —ic and 
£ by i£ in Eq. 2.19.
2.3 Expansion coefficients
Accurate determination of both the angular and radial functions depends critically on the 
accuracy of the expansion coefficients dj.m n'(c) in the prolate case and on dkn'n\ —ic) in 
the oblate case. In this section we focus on how to compute these expansion coefficients 
accurately, reliably, and efficiently.
2.3.1  Recurrence relations
By substituting the solution in Eq. 2.17 into the differential equation Eq. 2.16. we get the 
following recurrence relation between the coefficients in the eigenvalue problem [39.
40]
■ l \ . -,<m) _  nk “ k+2 _r (Pk ~ Am.nldf. +  Jk dk_.2 -  U.(m) ,(m,n) i. u. (2 .21)
where the quantities 0km ■^ and jj.ml are given by
(2m +  k +  2) (2tti +  k -t- l)c2 
(2771 ■+■ 2k +  3)(2t7i ■+■ 2k -1- 5)
(2.22a)
?(7«) (771 +  A:) (771 +  A; +  1) +
2(m 4- k)(m  4- A: 4- 1) — 2rrr 1
(2tti 4- 2k -  l)(2m  4- 2k 4- 3)
(2 .22b)
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( m )7k ’ =
k(k -  1 )rr (2.22c)
(2m +  2k -  3 )(2m +  2k -  1) '
This recurrence relation is a second-order difference equation with two possible non­
trivial independent solutions [39]. By examining the two solutions as k tends to infinity, 
one finds that in one o f  the solutions the fraction d^n'n'> /d^ i n c r e a s e s  as —4k2/c~. 
while it tends to zero in the other solution. The latter solution must be chosen in order 
to obtain a convergent series expansion for the functions. This solution enables us to 
obtain a transcendental equation between Am,„ and c. If we define
= (m 4- k)(m  4- k 4- 1) 4-
>2 _  1 \
. (k >  0) . (2.23a)4m  — W i ______________________________
2 I (2m +  2 fc - l ) (2 m  +  2fc +  3)
jn) k(k  — l)(2m  4- k)(2m  4- k — l ) c l . (k >  2) . (2.23b)
(2m 4- 2k -  1)2(2m 4- 2k -  3 )(2m 4- 2k 4- 1)
and combine this with Eq. 2.21 the transcendental equation for Am-n can be written [39.
40]
U { X m .n )  =  Tri(Am.n) 4* ( j - i i^ r n .r i )  — 0 . (2.24a)
where U\ and U-> are the infinite continued fractions
Ud Xm.n) =  /4 m) - A  m.n~
V.(rn)
J " 1') _  \ _rik~2 /Krn.n
( m )  »
/ \
(2.24b)
where the last partial denominator is equal to /1 — Am n if n — rn is even and is equal 
to — X m ,n if rn — tl is odd. and
U 2 ( X m ,n )  =  - -
( m )
'ic+2
( \ '
(2.24c)
/  „<m> \
; t(m> - A  - I  ____________   Illk+4 Am" I (m, 1 /
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2.3.2 Bouwkamp’s m ethod for obtaining eigenvalues and expansion co­
efficients
From the transcendental equation and the infinite continued fractions defined above an 
approximate method can be developed by which both the eigenvalues A a n d  the cor­
responding coefficients d^ ™'n\c) can be computed by an iterative scheme to the accuracy 
required. This method, which is named after Bouwkamp [24] (the method was inde­
pendently developed by Blanch [44] for the similar problem involving elliptical cylinders 
and Mathieu functions), works as follows. First one finds an initial estimate for each 
eigenvalue to be determined, either by using a power-series or an asymptotic ex­
pansion [39. 40. 41] or by reformulating the recurrence relation as an algebraic eigenvalue 
problem [22. 45] and solving for the eigenvalues Am.„. When n — m is even, the latter 
approach is equivalent to finding the zeros o f the determinant o f the matrix
(4 m’ -A m) r»om) o 0
7<m) aiT) 0
„ „ 0 _ (m )  , -j( m ) (m>0 0 0 0 ••• —2 ( V — ° ~ ^  ^ i »
0 0 0 0 ••• 0 72.V (4 > .v -A m )
where the matrix has been truncated to the size N  x N . By setting the determi­
nant of this matrix equal to zero, we obtain N different solutions for Am,„. namely 
the eigenvalues Am.o. Xm:2- Am,.j, Am.2;V- Each o f these eigenvalues corre­
sponds to a particular eigenvector or set o f coefficients. Thus for each value o f  n. where 
n =  0 .2. 4. - • -. 2N — 2. 2N , we have d™'n. d ? 'n. d ™ ,  .... d££_2, d ™ .
In practice the value o f N  is determined by the number o f terms required in order 
to get a desired accuracy in the summation over even values o f  k in the series expansion 
in Eq. 2.17 for the angular function or in the series expansion in Eq. 2.19 for the radial 
function. In general N  should be chosen larger than the truncation number in the 
expansions to ensure that the computed estimate o f each eigenvalue Am-n is not influenced
o o
0 0
0 0
(2.25)
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too much by the truncation o f  the infinite eigenvalue problem. It turns out that one needs 
to extend the eigenvalue problem by only a few terms in order to get good accuracy for 
the first ;V eigenvalues. This algebraic approach for finding initial estimates for the 
eigenvalues was used by Asano et al. [10. 22].
Once good initial estimates for Xm.n have been found. Bouwkamp's iterative proce­
dure can be applied. It consists o f obtaining a correction SXmn to an approximate value 
Am!rt o f the eigenvalue Am.„. i.e.
Arn.n — X{n'n -h SXmM . (2.26)
Using the transcendental equation (cf. Eq. 2.24a) this can be rewritten as [40]
SXT UdXikln) +Uo(Xin}n) 
A i -r A->
(2.27)
where
A i =  1 +
(rn) (m). ,("0
+ k —2
(m) (m) (m)
Uk Uk - 2 Uk - 4 (2.28a)
Ao =
l C?(m) \2 I o (r«) rj(rn) \2 t F?(rn) rj(m) \2, '•k~ ltik~\) j_ { tik-j-2ifk+4ttk-r6> ,
("*) ' ,Am) ,,(m) ,.(m)v.k - 2 Uk ~ 2 Uk ~ 4 l' ' k ~ l Uk ~ \ y k~ r1
(2.28b)
and
B [r
(2m 4- A:) (2m 4- k — l)tr i(m.n)___
(2m +  2k -  l)(2m  +  2A: +  1)
(k >  2) (2.28c)
The factors b ["^ are found by iteration o f
(rn)
_  . , (m ) \ _  ^k__
U k ~ 2  ~  f l k , m)
k
(2.29a)
where
R (m ) _  (rn) _  .
LJ'2   A*0 / 'TT1 ,n M l A r (2.29b)
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Once the quantities B in (2.29b) have been determined, the ratios between coefficients 
can be found using
(2.30a)
,(m.n) 
2 k-r 1
(^m.n) d\m'n)
Am.n)  
2k-t I
Arn.n) 
a2 k -l (2.30b)
in combination with Eq. 2.29a. The corrected eigenvalue Am]n +  <iAm.n determined in 
this manner is in general closer to the true value Amn. Once good eigenvalues have been
determined, the coefficients or eigenvectors are found by repeated use o f the recurrence
a suitable normalization, such as that given in Ref. [39].
This traditional iterative procedure works well as long as one is able to compute 
accurate initial estimates for the eigenvalues. If the initial estimate for an eigenvalue 
is inaccurate, the iteration scheme may converge to the wrong eigenvalue, and the final 
set o f eigenvalues and associated coefficients will then be erroneous. Sinha et al. [41] 
overcame this problem by utilizing an algorithm that calculates a starting value by 
successive extrapolation from eigenvalues computed without an initial guess.
2 .3 .3  The new approach
Our new procedure is well adapted to automatic machine computation, since it requires 
no initial estimates o f  the eigenvalues Am,n(c) to be determined. Also, the procedure is 
reliable and accurate, and based on readily available computer library routines. The new 
procedure is simply based on realizing that the recurrence relation in Eq. 2.21 can be used 
to reformulate the computational task as an algebraic eigenvalue problem. The solution 
o f the corresponding algebraic eigenvalue problem yields not only the eigenvalues, but 
also the required eigenvectors. Truncation at N  terms gives the following eigenvalue
relation in Eq. 2.21 within an arbitrary constant, which can be determined by the use of
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problem if n — m is even (cf. Eq. 2.25)
)
OO
-• 0 0 0
■y.[m ' C1
^n
' a ! ,m )  0 0 0 0 d ?
0 - ( " O7 4 ( ^ m l - A m ) a (,m) 0 0 0 d ?
0 0 0  0 _ 1 m I ’ '2 .V -2 ( 4 X - U - A " d n 2 s ' - 2 C v - j
0 0 0  0 - 0
1 rn >
T j .v ( 4 ™ ' - A  m )_ .  .
= 0.
(2.31)
which by means o f available software packages can be accurately solved provided the 
value of N  is o f reasonable size. Thus by solving the tridiagonal matrix eigenvalue 
problem in Eq. 2.31, we obtain the eigenvalues as well as the corresponding eigenvectors 
(coefficients). The solution can be obtained by applying standard computer library 
routines, such as the LAPACK library routines [46]. for solving algebraic eigenvalue 
problems. These routines are readily available and can be applied also to complex-valued 
matrices.
Wang et al. [45] did not use Bouwkamp's method to determine the eigenvalues, but 
found them by considering the corresponding algebraic eigenvalue problem, i.e. by re­
quiring that the determinant of the matrix in Eq. 2.25 be zero. Then they used these 
eigenvalues to find the expansion coefficients by the repeated use of the recurrence rela­
tions. Hence Wang et al. did not solve the full algebraic eigenvalue problem to obtain 
the eigenvectors (coefficients) as we do. Rather, as Asano et al. [22], they required the 
determinant o f the matrix in Eq. 2.25 to vanish and assumed the eigenvalues so obtained 
to be accurate enough. Wang et al. obtained reasonable values for optical properties o f 
realistic spheroids using this method. Since their method for obtaining the eigenvalues 
is mathematically equivalent to ours, and since the use o f recurrence relations to find the 
eigenvectors is in principle equivalent to solving the eigenvalue problem for the eigen­
vectors, the results o f Wang et al. for optical properties give an indication of the kind 
of results we can expect to obtain with our method. However, little is known about the
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accuracy they obtained for the expansion coefficients and their computational precision.
2.4 Numerical results for the expansion coefficients
It is o f  interest to compare results obtained by our new method with results obtained by 
another independent approach for real and complex values o f c. However, benchmark 
results for eigenvalues and angular and radial functions are available only for purely real 
or purely imaginary values o f c [47. 48]. Also, these results are for absolute values o f c less 
than 40. Our first tests therefore were limited to purely real and purely imaginary values 
o f c for which Hanish et al. [47] and van Buren et al. [48] at Naval Research Laboratories 
(NRL) have published extensive tables of radial and angular functions for values o f  |c| in 
the range 0.1 <  |c| <  40.0 and for vn =  0 .1 .2 .3 . The NRL computer programs employed 
for generating the benchmark tables o f radial and angular functions [49. 50. 51] contain 
routines that make use o f Bouwkamp's method for finding eigenvalues and coefficients. 
The initial estimates for the eigenvalues are found in the same way as in the code by 
Asano et al. [22] by requiring the determinant o f the matrix in Eq. 2.25 to vanish. 
Comparisons o f eigenvalues obtained by the NRL routines with eigenvalues obtained 
by our routines revealed agreement up to the computational limit o f precision. The 
NRL tables do not contain coefficients, but we have compared results for the coefficients 
obtained with our code with corresponding results obtained with the NRL code and 
found good agreement.
Next we replaced the parts o f the original NRL routines for computing eigenvalues 
and coefficients with our routines described in Section 2.3 and compared the resulting 
output for the angular functions and the radial functions of the first and second kind with 
tabulated NRL values as well as with corresponding output from the original, unmodified 
NRL routines. These comparisons showed excellent agreement up to the limit set by our 
computer. The calculations were done in double precision on a 64 bit workstation. For 
the radial functions of the first and second kind and their derivatives one can determine
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the accuracy o f the calculated values by use o f  the Wronskian
jd (2) 1fl(l) (c _  R(-2) dKrn.n =  ____1____^  « m.n ^  c(^2 _
Checking our calculations in this way we found that we in general obtained the same 
order of accuracy as reported in Refs. [47] and [48]. This method is not used in the 
following numerical tests as computations o f functions are not considered.
Some discrepancies where observed for the radial functions o f the second kind for 
all values o f c and small arguments. These are attributed to the fact that the radial 
functions of the second kind converge very slowly for small arguments c£ (if at all), and 
even very small differences between the eigenvectors will be magnified. Sinha et al. [42] 
has developed an integral method which completely overcomes this problem.
The original NRL program and the one we modified for use with our method takes 
about the same computing time, but as mentioned above, the original NRL program can 
only handle purely real or purely imaginary values of c.
For complex values of c we conducted tests by comparing our results with results 
obtained with the code of Asano et al. [10. 22]. In this code the same methods as in 
the NRL code are used for finding the eigenvalues and the eigenvectors, but it can be 
used also for complex values o f c. For absolute values of c larger than about 50. the 
code implemented by Asano et al. [10. 22] for finding initial estimates for the eigenvalues 
(by requiring the determinant o f the matrix in Eq. 2.25 to vanish) breaks down. For 
further comparisons between the two codes, the code by Asano et al. [10. 22] must be 
modified. The results of this comparison are summarized in Figure 2.4 which shows 
the largest relative difference between eigenvalues obtained with our method and with 
the code of Asano et al. [22. 10]. For each value of |c| and m the relative eigenvalue 
difference is plotted for that value of n. m <  tl < m +  100. which gives the largest 
relative difference. Excellent agreement between the two methods is found for values of 
|c| less than about 50. In this plot the value o f  the complex refractive index n in Eq. 2.20 
was set to 1.33 +  0.05L We have set the value o f the wave number in vacuum equal to
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Figure 2.4. Comparison o f eigenvalues found by our method and by Bouwkamp's method 
as implemented by Asano et al. [10. 22], For each value of |c| and m the relative eigenvalue 
difference is plotted for that value of n, m < n < m -t-100 which gives the largest relative 
difference. For values o f |c| larger than about 50. the original code o f Asano et al. [10. 22] 
breaks down. For values of |c| less than 50. excellent agreement is obtained for all values 
o f m and n.
k0 =  2tt. which means that distances are measured in units of the wavelength in vacuum. 
The inter-focal distance d varies from about 0.7 to 20.6 in this figure. For the case o f 
a needle-like prolate or disk-like oblate particle this corresponds to particles with about 
the same length or diameter, respectively. The size-parameter can only be determined 
when the surface o f the spheroid has been chosen by setting it at a fixed radial distance 
so-
In a second test we used our eigenvalue method to obtain starting values for Bouwkamp's 
iterative procedure, and then we checked for what values of |c[ the iterative refinement
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o f the eigenvalues would be significant. To test if the accuracy o f the method has any 
dependence on the magnitude o f the imaginary part o f  the refractive index, we chose 
three different complex refractive indices with the same real part, but with a large vari­
ation in the imaginary part. For a complex refractive index of n =  1.33 4- 0.05z and 
a 100 x 100 eigenvalue matrix the eigenvalues found by our method would start to be 
altered by Bouwkamp's iterative refinement when the absolute value o f c got larger than 
about 160. For larger values of |c| our solution did not converge using this matrix size. 
But an absolute value for c o f 160 drastically increases the allowable range compared 
with that reached by earlier investigators. With an eigenvalue matrix size of 70 x 70 
and the same refractive index we obtained convergence for absolute values of c up to 
about 130. and with an eigenvalue matrix size o f 50 x 50 we obtained convergence for 
absolute values of c up to about 75. Examples of results obtained with different values 
for the imaginary part o f the refractive index are shown in Figures 2.5 -  2.7. From 
these figures it follows that there is no significant difference between the eigenvalues ob­
tained with our method and those that are obtained through the additional refinement 
by Bouwkamp's method as long as the matrix is large enough to give convergence when 
solving the eigenvalue problem. Thus additional refinement of the eigenvalues by the use 
o f Bouwkamp's iterative procedure is unnecessary as long as the matrix is sufficiently 
large to give convergence. In each of the Figures 2.5 -  2.7 the matrix size is 100 x 100. 
but the imaginary part o f the refractive index has a value o f 0.005 in Figure 2.5. a value 
of 0.05 in Figure 2.6, and a value of 0.1 in Figure 2.7. As these results indicate by having 
about the same limit o f convergence, we conclude that the method is insensitive to the 
size of the imaginary part o f the refractive index.
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Figure 2.5. Comparison o f eigenvalues found by our method and the same eigenvalues 
after additional refinement by Bouwkamp’s method. For each value of |c| and m the 
relative eigenvalue difference is plotted for that value of n which gives the largest relative 
difference. In this plot the value o f the complex refractive index h in Eq. 2.20 was set to 
1.33 -r 0.005i. We used a 100 x 100 eigenvalue matrix, and for values of |c| larger than 
about 160 convergence is no longer obtained in either case.
2.5 The boundary value problem
From the solutions o f the scalar wave equation the following solutions to even or odd 
vector wave equations can be formed [22. 39]
=  V X  (r ■ V’p.m.n) 1
(2.33)
N p .m .n  — k  • V  X  i
where the vector r is the position vector, and p =  e .o  denotes even or odd functions.
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Figure 2.6. Comparison of eigenvalues found by our method and the same eigenvalues 
after additional refinement by Bouwkamp’s method. For each value o f |c| and rn the 
relative eigenvalue difference is plotted for that value of n which gives the largest relative 
difference. In this plot the value of the complex refractive index fi in Eq. 2.20 is here 
1.33 -r 0.05i. and a 100 x 100 eigenvalue matrix was used.
respectively. The vectors and N p.,„in are solenoidal. and the electromagnetic field
vectors E and H  can be expressed in infinite series of them. A spheroidal particle in a 
coordinate system with the z-axis coinciding with the particle’s symmetry axis, and a 
polarized plane wave incident in the x-z  plane at an angle C, with the z-axis. The electric 
field vector is either in the incident plane (TM  mode) or perpendicular to it (TE mode). 
The electric field o f the incident plane wave in the TE mode is given by
E ' =  f  f  (2.34)
m = 0 n = m
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Figure 2.7. Comparison o f eigenvalues found by our method and the same eigenvalues 
after additional refinement by Bouwkamp;s method. For each value o f |c| and m the 
relative eigenvalue difference is plotted for that value o f  n which gives the largest relative 
difference. In this plot the value o f the complex refractive index n in Eq. 2.20 is 1.33+0.1 z. 
i.e. a very high absorption. Again a 100 x 100 eigenvalue matrix was used. Convergence 
is no longer obtained in this case as well for values o f |c| around 160.
and the corresponding field in the TM mode is
E ' =  £  £  inifnJn(O M ilX m(k2r) -  i / ^ ( C ) N ^ m(fc2r)]. (2.35)
m=0 n=m
The plane wave expansion coefficients are [22. 52]:
/ ( . ) (0  =   * * & ” £> (2J6)
' “ 'U  (r +  m ) ( r + m + l) sinC '  '
,( 2) _  2(2 — <io,m)  <4- ’ ^______  dP,nJr (cos C)
~  ^  ^  (r +  m )(r +  m +  !)  dQ ' '
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The scattered and internal field in the TE mode are given by
51 +  ivr^ m N ^ .m(k2r)]. S >  So-
m —0 n = m
(2.38)
E ‘" '  =  £  H  ^[Xun.m M e!n.m(fcir ) +  N oln .m tor)], S <  So-
m=0 ri=m
and in the TM mode by
X  oc
(2.39)
S >  So,
m = 0  n = m
(2.40)
E *'n£ =  E  S <  So-
m—0 n=m
(2.41)
where kj =  korij (j  =  1. 2) with fco being the wave number in vacuum and t i \ and n> 
being the complex refractive indices inside and outside the particle, respectively. S =  So 
is the coordinate hypersurface coinciding with the surface o f the spheroidal particle. 
Similar relations can be written for the magnetic field [22].
The problem is to compute the unknown constants o f  integration in the expansions 
(2.38) -  (2.41) by using the boundary conditions for the electric field
Ei, +
E'o +  E%
=  Elnt at S =  So-
E T  at S =  So-
(2.42)
(2.43)
and analogous conditions for the magnetic field [22]. The boundary conditions have to 
be expressed explicitly in terms o f the spheroidal wave functions. This yields a system 
of linear equations for each value of the index m of the form
A  fc(m)-x/t(m) =  bfc(m), k =  1.2 (2.44)
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is the vector o f the unknown coefficients for the TE (k =  1) and the TM  mode (k =  2). 
and where both the coefficient matrix Ajt(m) and the inhomogeneity bjt(m) depend on 
the coefficients cf™'n\c) and the radial spheroidal wave functions o f the first and third 
kind at £ =  £o- Rn.ln(c: £o), and their derivative dRn.ln(c: £ ) / -  The solution o f the 
electromagnetic scattering problem is obtained by solving Eq. 2.44 for each value o f m and 
for both modes. Equation Eq. 2.44 can be found in explicit form in the paper by Asano 
and Yamamoto [22]. which also includes a discussion of the numerical implementation 
o f this system o f  linear equations and ways to avoid numerical ill-conditioning.
2.6 The Extended Boundary Condition Method
When using the EBCM to solve the problem o f scattering by a single particle, one 
expands the incident, scattered, and internal fields in vector spherical wave functions 
(VSWF)
£  £  (2.46)
n =  1 r n = —n
E  E  [ p ^ M ^ ( k - , R )  + p $ „ N £ ) n(A:2R )] : \R\ > R> . (2.47)
ra= 1 rn=—n
f ;  f  (2.48)
r= 1 m= —n
where k is the wave number as before, and R > is the radius shown in Figure 2.8 o f the
smallest circumscribing sphere o f the scattering particle centered at the origin o f the
coordinate system. These VSWF are defined in a similar way as the vector spheroidal
Emc(R) =  
ESC“(R) =  
E,7,t(R) =
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Figure 2.8. Illustration o f the concept of the EBCM.
wave functions, i.e. to obtain the vector spherical functions, one has to replace the scalar 
spheroidal wave functions by the scalar spherical wave functions M’n.m given by
=  Pnm) (cos 9)z<rf\ kr)elTn° . j  =  l . . . . A (2.49)
where the z^  and zl?'1 denote spherical Bessel and Neumann functions, respectively, 
while z[t3) and denote nlh order spherical Hankel functions o f the first and second 
kind, respectively. The EBCM takes advantage o f the fact that Maxwell's equations and 
the boundary conditions are linear. There must therefore be a linear relation between 
the expansion coefficients in Eqs. 2.46. 2.47. and 2.48. For the case of E 5C“ and E mc this 
can be written as
o c  n
Jk) _  V " y *  y *  T (*.*') (*')
Jn .m  /  * /  .  /  - n ,m ,n \ m ' n '.m '? (2.50)
n' = 1 m' =—n' fc' = l
with similar expressions for the relation between the coefficients of the other fields. If 
written in compact matrix-vector notation 2.50 becomes
p =  T  - a (2.51)
where T is called the T-matrix.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
47
The next step of the EBCM involves using an integral-equation approach for deriving 
the matrices relating the fields [53. 54. 55. 56, 57]. The resulting expressions are then 
integrated over the particle's surface with the cross products o f the vector spherical 
functions. These surface integrals are usually evaluated numerically. The EBCM has 
been applied to nonspherical particles o f different shapes, such as spheroids [11. 18. 58], 
finite circular cylinders [12. 59], and Chebyshev particles [18]. A matrix inversion needed 
to obtain the T-matrix tends to become ill-conditioned for nonspherical particles much 
larger than a wavelength or with large real or imaginary parts o f the refractive index 
[38]. as well as for non-absorbing or weekly absorbing particles [60]. and for highly 
aspherical particles. Recent progress in numerical procedures, however, has made it 
possible to extend the applicability o f the EBCM to size parameters larger than 150 
for both non-absorbing and weakly absorbing particles [60], and for small particles with 
highly aspherical shape [61].
2.7 The T-matrix in spheroidal coordinates
The T-m atrix in spheroidal coordinates is obtained in a way analogous to the method 
for obtaining the T-matrix in spherical coordinates. Again, this is possible because 
Maxwell's equations and the boundary conditions are linear, and there must therefore 
be a linear relation between the expansions o f the fields also for the spheroidal coordinate 
system. From Eq. 2.50 we see that we can write
oc n' 2
^nm =  52  5Z  'T'nmn'm' a n'Tn'- (2.52)
n '= 0  m ' =  — n' fc' =  L
The major difference is that instead of choosing plane waves as incident waves, we now 
use waves expanded with the coefficients
(®rim)i == ^nn, &mm, &kk, > (2.53)
for the ith incident wave. These waves might not have any obvious physical meaning, but
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the analogy to the impulse-response method is interesting. Now we obtain from Eq. 2.52
Tnrnnjmj =  (~nm)j■ (2-54)
What we have done is to employ the SVM for a different set o f incident waves, i.e. the 
incident wave is not a plane wave, and have thus obtained the T-matrix in spheroidal 
coordinates as using the SVM solution.
For more detail on this subject we refer to Ref. [16].
2.8 Transformation of the T-matrix into the T-matrix
As described above, the advantage of the T-matrix is that it greatly facilitates orien­
tational averaging of the particles. The next step is therefore to obtain the T-matrix 
by transforming the T-matrix in spheroidal coordinates into spherical coordinates. The 
transformation can be derived using the expansion of angular spheroidal functions in 
terms of associated Legendre functions [16]. The result is of the form
rpkk'  _  n i - n 2 l n  1 ( n < (■? r o
T ^ m n 2m ~  n 2 { n 2 +  1 )  ‘ - 0 0 )
n.n1 » iVmn'
where Nmn denotes the normalization constant of the angular spheroidal functions, and 
the factors /™ n are related to their expansion coefficients. The explicit form o f the 
factors f ' nn are given in Ref. [39], In compact vector matrix notation Eq. 2.56 can be 
written
T  =  G - T - H .  (2.56)
Having performed this transformation we can directly compare the T-matrix calculated 
with our modified SVM to the one obtained with the EBCM. Such tests have been 
carried out in Ref. [16]. We are now ready to use our T-matrix to analytically calculate 
optical properties o f randomly oriented particles in connection with the well-established 
procedure for analytic averaging over orientation.
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2.9 Summary
We have shown that an alternative to Bouwkamp’s method exists for computing ex­
pansion coefficients for spheroidal functions. The new method is based on using the 
recurrence relation between the expansion coefficients for spheroidal functions to refor­
mulate the problem o f finding eigenvalues and eigenvectors (expansion coefficients) as 
an algebraic eigenvalue problem. The eigenvalue problem is solved by the use o f readily 
available computer library routines.
When combined with the recent work of Schultz et al. [16] in which a method based 
on the SVM for spheroidal particles was developed for efficient computation o f  ensemble- 
averaged optical properties, we believe that this new method for computing spheroidal 
functions can be of great value in future work concerned with modeling of electromagnetic 
scattering by size-shape distributions of nonspherical particles.
Above we presented results obtained with a 100 x 100 eigenvalue matrix. Using single 
precision complex variables and double precision real variables on a standard workstation 
and a 400 x 400 eigenvalue matrix, we have recently obtained accurate results for the 
expansion coefficients of spheroidal functions for absolute values o f c up to about 280. 
The method has been shown to be insensitive to the magnitude o f  imaginary part o f  the 
refractive index.
In principle one can find the eigenvalues Am.n and the corresponding eigenvectors 
(expansion coefficients) for any desired c provided one has access to resources that allow 
one to solve an eigenvalue problem large enough to ensure convergence o f the method. 
The remaining challenge is to develop more accurate schemes for calculating the radial 
spheroidal functions o f the second kind when £ is small.
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Chapter 3
Phase functions for ensembles of 
randomly oriented spheroids
In Chapter 2 we developed a new method for computing the optical properties o f ensem­
bles o f randomly oriented spheroidal particles. Thus, we are now in a position to study 
the effect of particle shape on radiative processes. Here we compare the phase functions 
obtained with traditional Mie theory and those obtained with the new method for various 
types o f distributions. The Separation of Variables Method (SVM ) can handle particles 
with shapes that deviates significantly from the sphere. Results for ensembles containing 
such particles are presented here. The results show that the phase functions of ensembles 
containing needle-like or disk-like particles closely resembles the phase functions o f nat­
ural aerosols [17], and also that the most extreme o f these shapes have unique scattering 
properties similar to those previously reported only in Ref. [61]. In Ref. [61] the phase 
functions of needle-like and disk-like particles are reported as being close to the phase 
functions of surface equivalent spheres. Our results show larger differences for the same 
phase functions, but like in Ref. [61], we find that needle-like and disk-like particles have 
asymmetry parameters close to those of surface equivalent spheres, and that the other 
optical parameters resembles those o f particles small compared to the wavelength, i.e. 
particles scattering in the Rayleigh regime. This result may have important implications
50
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for remote sensing and optical particle sizing. We vary the width o f the particle distri­
butions in order to study the effect of particle diversity on the optical properties. As the 
particle diversity increases, features often seen in the phase function of more uniform 
distributions tend to get washed out. Variation in particle shape has a greater impact 
011 the phase functions than variation in particle size in this respect.
3.1 Introduction
Until recently very little was known about the shape-dependence o f the radiance and 
polarization in a medium containing size-shape distributions o f moderately and highly 
aspherical particles. Results indicate that spheroids with extreme aspect ratios may 
have scattering properties dramatically different from those of moderately aspherical 
particles [19. 62], It has been shown that the averaged phase function o f a size-shape 
distribution o f randomly oriented mildly aspherical spheroids has a smooth featureless 
variation with the scattering angle [17]. These phase functions show none o f  the charac­
teristics typical for spheres and it qualitatively resembles the phase function o f  natural 
aerosols. One of the few methods efficient enough to model size-shape distributions of 
randomly oriented particles is the Extended Boundary Condition Method (EBCM ). The 
EBCM has traditionally been limited to modeling particles that do not depart too much 
from spherical shape. Recently however, improvements o f the T-matrix method has ex­
tended its range of validity considerably [15. 63]. The new SVM approach that has been 
developed [1. 16] is capable o f  producing accurate results for spheroidal particles o f ex­
treme shapes, including flat oblate disks and elongated prolate needles. This method can 
also provide efficient and accurate averaging over orientational angles through the use 
of an analytical method developed by Mishchenko [18] and originally used only in con­
nection with the EBCM. A recent application o f the new SVM approach 1ms shown that 
the single scattering optical properties o f  size-shape distributions o f randomly oriented 
moderately and highly aspherical small prolate spheroids are generally quite sensitive to 
variations in the effective aspect ratio o f the shape-distribution [19].
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Phase functions obtained with the new SVM have been published [16. 19] for size 
parameters up to x  =  10. and aspect ratios up to e =  12. Here we present previously 
unpublished results for particle size parameters up to x  =  30 and aspect ratios up to 
e =  20. The size parameter x  is defined as x  =  where rA is the radius of an area
or volume equivalent sphere, and A is the wavelength o f the incident light. The choice of 
whether to characterize the size o f the non-spherical particles in terms o f equal volume 
or equal area spheres should depend on the amount of absorption in the particles. If 
the particles have little or no absorption, then the scattered field will largely be due to 
the discontinuity o f the refractive index across the particle surface. On the other hand, 
if the particle absorption is substantial, then the volume o f the particles might be o f 
greater importance and one should chose the volume equivalent representation. Not all 
investigators seem to adhere to this principle. The aspect ratio of a spheroid is defined 
as e =  a / b where a is the major and b is the minor axis o f the spheroid. Improvements 
in the algorithms for computing the expansion coefficients for the prolate and oblate 
spheroidal eigenfunctions [1] have enabled us to extend the validity o f  the new SVM to 
larger size parameters as well as to more extreme shapes.
An important feature with the phase functions obtained for ensembles of randomly 
oriented spheroidal particles is that they are very similar to those that are often observed 
in nature. The assumption is that averaging over orientations, size and/or shape will 
smear out the characteristic features of the individual shapes. The new SVM should 
hence provide a useful tool for applications in which one wants to include the effect 
o f non-sphericity without paying attention to special features in the phase function of 
individual particles.
In this Chapter examples o f  phase functions and the linear polarization for various 
distributions o f randomly oriented spheroids with various aspect ratios are presented. 
We consider monodispersions, size distributions, shape distributions, and size-shape dis­
tributions. Results o f  Mie calculations for distributions o f  comparable spherical particles 
are presented alongside the results for the distributions o f spheroids where applicable.
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In the next Chapter we use the SVM to study the effect of distributions o f spheroidal 
particles on the backscatter. and. in conjunction with a vector radiative transfer code, 
we model the expected LIDAR returns from a stratospheric cirrus cloud consisting o f  an 
ensemble of such particles.
3.2 Theory
The electric field vector o f monochromatic plane electromagnetic wave incident upon a 
particle in the direction of n,n<: can be written as
Emc(R) =  Egnc exp{ik R n‘nc)
=  Elonc0tnc +  £ lnc0 mc- (3-1)
where k =  2~/ A is the wavenumber o f the incident wave in the surrounding medium, and 
R  is the radius vector with the origin at the laboratory reference frame. The quantities 
EgO and E0<f> are the transverse electric field components in. and perpendicular to. a 
plane through the laboratory z-axis and the direction of the beam, respectively. The 
time-factor exp( —iut) has been suppressed. Because of the linearity o f the Maxwell's 
equations and the boundary conditions, it is always possible to express the scattered 
electromagnetic field.
Esc“(R) =  E lca(R .n sca)6sca + E ? a{R .n sca)<t>se sea  _  R11 - R (3.2)
by a linear transformation o f the incident field. In the far-field region, where the scattered 
wave becomes spherical, this transformation can be written
mca exp(ikR)
R S(ns : a. 0.y)
enne
Oq
E l’lcOo
(3.3)
where S is the 2 x 2  amplitude (scattering) matrix. This amplitude matrix linearly 
transforms the electric field components of the incident wave to the electric field vectors
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o f the scattered wave. The amplitude matrix depends on the directions o f incidence 
and the direction of scattering. It also depends on the size, shape, and composition of 
the scattering particle, and on its orientation with respect to the laboratory frame as 
specified by the Euler angels of rotation a, /3. and 7 .
It is now convenient to introduce the so-called Stokes parameters. A monochromatic 
transverse electromagnetic wave can be described by four quantities [I. U. Q, V ] that are 
such that
I =  Eg Eg +  E0E'o .
Q =  EoEg — E0E0,
U =  -E g E l  -  E0E'O, (3.4)
V =  i(E 0E * -  E0E'O).
where the asterix denotes the complex conjugate. The Stokes parameters have units o f 
energy per unit area per unit time per unit wavelength. The parameter /  is equal to the
energy flux of the wave. Q and U describe the state o f linear polarization o f the wave,
and V  describe the state of circular polarization of the wave. Having defined the Stokes 
parameters we can describe an electromagnetic wave by its Stokes vector
I
I  = Qu
V
(3.5)
If the wave is a coherent, plane monochromatic wave then we also have /  ’ =  Q ~+U 2 +  V 2. 
but in general I2 > Q 2 +  U2 +  V 2 [3]. The degree o f polarization is defined as P  =  
[■Q 2 -j- U2 +  V'2]1/'2/1 <  1. the degree o f linear polarization as P i  =  [Q2 +  U2} 1?1 /1 <  I. 
and the degree o f circular polarization as Pq =  V/I <  1. It follow's from this that for 
unpolarized (natural) light we have Q =  U =  V  =  0. These quantities should not be 
confused with the linear backscatter depolarization ratio, 6^, and the circular backscatter 
depolarization ratio, Sc, discussed in more detail in the next chapter.
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From the above definitions we can now reformulate the expression for a spherical 
wave scattered from a single particle as
where Z is the 4 x 4  phase matrix. Explicit expressions for its elements Z  1.1 • • • Z4.4 can be 
found in for example Ref. [3]. The phase matrix is normalized such that integrating Z\,\ 
over all directions yields 1. The orientationally averaged phase matrix <  Z (n sca : nmr) > 
is independent o f the Euler angles, and can be constructed from any combination of 
particles, e.g. particles with varying size, shape, and composition, as long as the single 
scattering phase matrix for each particle is known.
By definition, the phase matrix relates the Stokes parameters o f the incident and 
scattered beams defined relative to their respective meridional planes, e.g. defined in 
respect to the propagation vector o f the incoming and scattered beam and the laboratory 
z-axis. respectively. The scattering matrix F relates the Stokes parameters o f the incident 
and scattered beams defined with respect to the scattering plane, e.g. the plane through 
n 'nr and n sra. An easy way to convert from the scattering matrix to the phase matrix is 
to direct the laboratory z-axis along the direction o f propagation for the incident beam 
(0 =  0) and let the plane with (f>lTlc =  (psca =  0 be in the scattering plane. Because of 
symmetry, the scattering matrix F  for macroscopically isotropic and symmetric media 
is invariant with respect to the choice o f the scattering plane and depends only on the 
angle between the incident and scattered beams. Let the scattering angle in this system 
be 0 . then
r “  =  n mc : o . 0 . 7 ) Imc (3.G)
>sca . Ginc . 0mr: a. [5.7 ) F nc .
F (0 ) =  < Z (0  . 0 : 0 . 0) >.
^  sea
(3-7)
where the C s c a  is the scattering cross section per particle, i.e.
C Sra  =  2 i r  I d0  sin© < Z i ,i (0 . 0 : 0 . 0) > . (3.8)
0
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The factor 4 77/C sca follows from the normalization of the phase function. For macroscop- 
ically isotropic and symmetric media the scattering cross section is independent of the 
direction and polarization o f the incident beam. Likewise, the extinction cross section is 
also independent o f the direction and polarization of the incident beam, and thereby so 
is also the absorption cross section Cabs =  Cext ~ Csca. Another useful quantity is the 
single scattering albedo
Cs,
uj = c, (3.9)e x t
which is the probability that a photon incident on a small volume element of the scat­
tering media will survive the scattering incident instead of being absorbed.
In a macroscopically isotropic and symmetric media the scattering matrix has the 
well known form [3]
F ( 0 )  =
F u ( 0 )  * i.2(0 )
* 1.2(©) * 2.2(0 ) 
0 0
0 0
0 0
0 0
* 3 . 3 ( 0 )  * 1 3 .4 ( 0 )
- * 3 . 4 ( 0 )  * 4 . 4 ( © )
(3.10)
so that in this case only eight of the elements o f the scattering matrix are non-zero. 
The phase matrix in Eq. 3.10 is the phase matrix applicable to ensembles of randomly 
oriented spheroids. Further more, for the special cases of the scattering angles 0 and tt 
we have
* 2.2 (0 ) =  * 3 .3 (0 ) : * 2.2(77) =  - * 3.3 (77) -
* 1.2 (0 ) =  * 3 .4 (0 ) = * i .2( t t ) =  * 3.4(71-) =  0 . 
* 4,4(77) =  *1. 1(tt) -  2* 2.2(77).
(3.11)
In addition, rotationally symmetric particles have [64]
* ,..,(0) = 2* 2.2(0) - * , . i ( 0). (3.12)
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The element F i.i(0 ) o f the scattering matrix is called the phase function. It satisfies the 
normalization condition
f  dnsca F[ i(0 )  = \ J  dQ sinQ FlA(@) =  1. (3.13)
4 -  0
The phase function relates the scattered field intensity to the incident field intensity. 
The element F2.2 relates the corresponding Stokes vector Q-components to one another, 
and the element F3.1 constitutes the linear relation between the U and V' components of 
the incident and scattered field.
Lastly, the quantity
1
g =  <  cos@ > =  ^ J d co s 0 .Fi.i c o s © . (3.14)
- 1
is called the asymmetry factor o f the phase function. It is positive for particles that scat­
ter predominantly in the forward direction, negative for predominantly backseattering 
particles, and zero for particles with a symmetric (isotropic) phase function.
3.3 Modeling phase matrices
The next four sub-sections contains four figures each with examples of results obtained 
for the phase functions o f  different kinds o f distributions. To give an overview o f the 
figures we have listed them in Table 3.1.
The spheroids considered here will have low absorption, i.e. the values of the imagi­
nary part o f the refractive index is small. VVe shall therefore characterize their size by the 
radius of an area-equivalent sphere. For the form of the size distribution, a power-law 
distribution is assumed:
( C  : r < ri
C  ( r i /r ) '5 : 7*1 < r < r-2 (3.15)
0 : r  > ro
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Table 3.1. Overview of figures in Chapter 3.
Fig.
no.
Distrib.
type
Aspect 
rat. £ e / /
Shape var, 
var.
Size parameter 
parameter r ^ f f
Size Refractive
index
3.1 mono 2 0 l . l .  2.0, 10. 20 0 1.31 -i- (6.1 x 1 0 -”
3.2 mono 2 0 1.1. 2.0, 10. 20 0 1.31 -r (6.1 x 10“ ”
3.3 mono 30 0 0.91. 0.67. 0.5. 0.25 0 1.33 -t- (0.005
3.1 mono 30 0 0.91. 0.67. 0.5. 0.25 0 1.33 -r (0.005
3.5 size 2 0 1.1. 2.0. 10. 20 0.1 1.31 -r (6.1 x 10~9
3.0 size 2 0 l . l .  2.0. 10. 20. 0.1 1.31 -r- (6.1 x 1 0 -”
3.7 size 8 0 0.91. 0.5. 0.33. 0.25 0.1. 0.05. 0.01 1.31 -f- (6.1 x 10_ ”
3.8 size 8 0 0.91. 0.5. 0.33. 0.25 0.1. 0.05. 0.01 1.31 +  (6.1 x 10“ ”
3.9 shape 2 5, 10 1.1. 2.0, 10. 20 0 1.31 -r (6.1 x 1 0 -”
3.10 shape 2 5. 10 1.1. 2.0, 10. 20 0 1.31 -f- (6.1 x 10~”
3.11 shape 10 5. 10 0.91, 0.5. 0.125. 0.1 0 1.31 4- (6.1 x 1 0 -”
3.12 shape 10 5, 10 0.91, 0.5, 0.125. 0.1 0 1.31 +  (6.1 x 1 0 -”
3.13 size-shape 2 5 l . l ,  2.0, 6.0, 12.0 0.1 1.31 +  (6.1 x 10_0
3.11 size-shape 2 5 l . l .  2.0. 6.0, 12.0 0.1 1.31 -  (6.1 x 10“ ”
3.15 size-shape 10 5 0.91, 0.5, 0.125. 0.1 0.1 1.31 -r- (6.1 X  10_ ”
3.1G size-shape 10 5 0.91, 0.5. 0.125, 0.1 0.1 1.31 -r (6.1 X  10~”
where r is the area-equivalent sphere radius. The constant C  is chosen such that
[  d rn size(r ) =  1. (3.16)
Jo
A size distribution can be characterized [65] by its effective radius
r e f f  =  ^  f  d rr -K T 2n s l z e { r ) , (3-17)
Cr Jo
and its effective variance
ue ff  =  2 1 ^  f  d r { r - r cf f ) 2 Trr2Tisi:e(r ). (3.18)
rZffG Jo
where the averaged cross sectional area is
G =  f  dr nr2nsize(r). (3.19)
Jo
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The parameters n  and r? in (3.15) can be expressed in terms o f reyf  and vtiff-
A spheroid can be characterized by its major and minor axes a and 6. Alternatively, 
the aspect ratio e =  a/6  determines the shape o f  the spheroid. Little information is 
available about the quantitative distribution o f shapes in natural cirrus clouds or aerosol 
layers. The description of such natural shape-distributions is complicated by the multi­
tudes of irregular shapes. It is impossible to exactly describe a natural shape-distribution 
as one would have to account for every individual shape. Here we use shape-distributions 
of spheroidal particles that will be described by only one parameter, namely the aspect 
ratio e =  a /6. Such shape distributions is ideal for modeling purposes, and it is a natural 
extension o f the in many cases over-simplified spherical particle model. The form of 
the shape distributions are adapted from Mishchenko's work [66]. hence we assume an 
equiprobable distribution o f  the aspect ratio
n sh a pe ( — *
C  ei < e < eo
"  ~ - (3.20)
0 : otherwise
where C  =  l/(eo  — et). The effective aspect ratio ee/y and effective variance fJ-eff o f  the 
equiprobable shape distribution are defined as
«* // =  (3‘21)
(3.22)
In this investigation we first vary the size distribution while keeping the shape-distribution 
constant. Next we vary the shape distribution while keeping the size distribution con­
stant. Lastly we vary both parameters at the same time to model the effect on the 
optical single-scattering properties of size-shape distributions.
3.3.1 Monodispersions
The two first figures. Figures 3.1 and 3.2, show the phase function. -Fyo/F i.i- and 
F2 .2 /F1 .1 for ensembles of randomly oriented monodisperse prolate spheroids with equal
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area sphere size parameter x  =  2. The refractive index is 1.31 +  16.1 x 10-9 . i.e. that of 
pure ice at 603 nm wavelength. The dotted line in Figure 3.1 corresponds to the phase 
function for a monodispersion of spherical particles with the same radius and refractive 
index. One thing to notice is that the phase function for the spheroids changes from that 
o f a sphere to a more featureless, or flat, phase function very quickly as the aspect ratio is 
increased. The result is a decrease in the asymmetry parameter g with increasing aspect 
ratio. In Figure 3.2 the solid lines corresponds to the linear polarization, or —F\:±jF\_\. 
In the upper left panel the dotted lines is the linear polarization for spherical particles. 
(For spheres Fo.i — F\.i. so Foo/Fi^ is always 1 and is not included.) The linear 
polarization curves are very close to those obtained for particles in the Rayleigh region, 
i.e. at 90° scattering angle an unpolarized incident beam is almost completely polarized. 
This effect is seen to increase with increasing aspect ratio except for the very highest 
aspect ratios. On the other hand, for the very highest aspect ratios the value of F2 .2 /F1.1 
(chished line) has become significant around 90°. This indicates that polarized light will 
get depolarized in this direction. The value of the backscatter depolarization, S^. is 
indicated in each panel. Because these particles are small compared to the wavelength 
o f the incident light they do not have any significant backscatter depolarization.
In the following two figures. Figures 3.3 and 3.4. we have increased the size parameter 
to 30. The ensembles now consists of monodispersions o f randomly oriented oblate 
spheroids with a refractive index of 1.33 + 10.005. typical for slightly "dirty” atmospheric 
ice particles at 0.55y.vn. The phase functions for various aspect ratios are shown in 
Figure 3.3. Again the phase function changes from one similar to that o f a sphere to 
a more featureless, or flat, phase function very quickly as the aspect ratio is increased. 
Already at an aspect ratio o f e ~  2 the typical features of the spherical counterpart 
are absent. The corresponding Mie calculations are shown for comparison as the dotted 
lines. An interesting feature is the "lump” , similar to a rainbow effect, that is apparent 
for the moderate aspect ratios. The feature is no longer present for particles with aspect 
ratio greater than 0.25. Features like this are only observed for monodispersions of
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spheroids. This is an argument for using polydispersions when using scattering code in 
atmospheric applications. In Figure 3.4 we again show plots of F-za/Fi.i and Fy^/Fy.i 
as a function of scattering angle. Note the extreme oscillating behavior o f Fy.-y/Fy.y for 
the Mie calculations (dotted line in upper left panel). Since the particles in these figures 
are rather big we now have a significant backscatter depolarization as indicated by the 
<-)/. values in the figure. The more extreme shapes are able to significantly depolarize in 
a wide range around the backscatter direction whereas the linear polarization is modest.
3.3 .2  Size distributions
Figure 3.5 shows the phase function for a size distribution of randomly oriented oblate 
spheroids for various aspect ratios. We have used the power law distribution with an 
effective size parameter o f  2, and an effective variance o f  0.1. The dotted line corresponds 
to a similar distribution of spheres. The refractive index o f the particles is 1.31 +  z6.1 x 
10-9 . As would be expected, the introduction o f a size distribution leads to a featureless, 
flat phase function. Increasing aspect ratio leads to lower asymmetry parameters. The 
corresponding angular behavior o f Fy.o/Fy.y and F>;i/F\,y is shown in Figure 3.6. Note 
again how the more extreme aspect ratios leads to features approaching those o f Rayleigh 
scattering particles.
In Figures 3.7 and 3.8 we have size distributions of randomly oriented oblate spheroids. 
We have included lines for three different values o f the effective size variance veff .  The 
solid lines corresponds to uef f  =  0.1. the dashed lines to uej f  =  0.05. and the dash- 
dotted lines to uef f  =  0.01. The phase function is not very sensitive to the width o f the 
size distributions. There are more differences between the distributions in Figure 3.8. 
especially for Fy:>/Fy.y for near spherical particles, and i '2.2/^ ’1.1 for the more extreme 
particles.
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3.3.3 Shape distributions
As evident from the preceding figures, the elements o f the scattering matrix are highly 
sensitive to the particle aspect ratio. One expects that when using shape distributions, 
the phase functions will tend to be smooth and feature less. In Figure 3.9 we have used 
two different widths o f the shape distributions: one with pe/ /  =  5% (solid lines) and 
one with fief f  =  10% (dashed lines). Curiously enough, there is hardly any difference 
between the two distributions for this specific choice o f size parameter (x =  2) and /* ,//-  
Tliis could be due to that the two distributions are both centered at the same £e/ /  and so 
have some o f the same type of particles in their distributions. Also, the phase functions 
resembles the monodispersion case of Figure 3.1 more than the size-distribution case 
o f Figure 3.5. The reason for this is probably that even though we see a strong shape 
dependence between the e =  1.1 case and the e =  2.0 case, the effective variances of 5% 
and 10% in each of these are small compared to their difference. For the piej j  =  10% 
case, the maximum e value considered for £ef f  =  1-1 is s =  1.21. and the minimum c 
value considered for ee/ /  =  2.0 is e =  1.8. The conclusion must be that even if the shape 
dependence on the scattering characteristics o f these ensembles is strongly present, a 
shape distribution needs to have pe/y larger than 10% in order to deviate significantly 
from that o f  the corresponding monodispersion. In Figure 3.10 the solid lines again 
corresponds to the p e/ /  =  5% case. In the upper left panel the dotted lines is the linear 
polarization for spherical particles. The linear polarization curves are very close to those 
obtained for particles in the Rayleigh region, i.e. at 90° scattering angle an unpolarized 
incident beam would is almost completely polarized. This effect is again seen to increase 
with increasing aspect ratio.
Figures 3.11 and 3.12 are as for the two preceding figures, but now for randomly 
oriented oblate spheroids with £e/ /  =  10. The difference between the two distributions 
are now discernible, most likely to the increased size of the particles.
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3.3 .4  Size-shape distributions
Figures 3.13 through 3.16 contain the results for the size-shape distributions. The phase 
function is in general less like that of the spherical equivalent size distribution than for 
any of the preceding cases. The asymmetry parameter decreases monotonously with 
increasing aspect ratio. These distributions have in general stronger backscatter depo­
larization values.
3.4 Summary
We have developed a method for accurate computation o f the optical properties o f 
spheroidal particles for a wide range o f shapes, sizes, and complex refractive indices. 
The method has been proven to function almost as well for spheroidal particles as the 
Mie theory for spherical particles. In this chapter we have shown only a few examples of 
phase functions for ensembles o f randomly oriented distributions o f spheroidal particles. 
We have considered monodispersions, size-, shape-, and size-shape distributions. The 
phase functions o f distributions of randomly oriented spheroidal particles are smooth 
and feature-less and as such closely resemble the phase functions observed in nature for 
cases in which the particle habits and orientations are not too uniform.
Spheroids with high aspect ratios and moderate equivalent spheres size parameters 
have interesting unique scattering properties. Their phase functions are similar to those 
o f equivalent size distributions o f spheres and spheroids with moderate aspect ratios, but 
the other elements o f the scattering matrix seem to approach those typical o f smaller 
particles closer to the Rayleigh scattering regime. In particular, the linear polarization 
of these particles approaches a maximum near 1 for scattering angles around 90°. and 
the backscatter depolarization tends to be small. The important lesson from this is that 
the value o f  the backscatter depolarization can not be used as a direct indicator o f  the 
degree of particle asphericity. This result is important for applications involving remote 
sensing of particle size and shape.
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a s p e c t  ra t io  1.1 a s p e c t  ra t io  2 .0
s c a t t e r i n g  a n g l e  [ a e q ]  s c a t t e r i n g  a n g l e  [ d e g ]
a s p e c t  ra t io  10.0 c s p e c t  ra t io  2 0 .0
s c c t t e r i n g  c n g l e  [ d e g ]  s c a t t e r i n g  a n g l e  [ a e g ]
Figure 3.1. Phase function for randomly oriented monodisperse prolate spheroids with 
equal area sphere size parameter x  =  2 for various aspect ratios (solid lines). The 
refractive index is 1.31 -t- z'6.1 x 10-9 . The dotted line shows corresponding results for 
the equivalent spheres. The asymmetry parameter of the phase functions axe included 
in each panel.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
65
aspect ratio 1.1 aspect ratio 2 .0
s c a t t e r i n g  a n g le  [ d e g ] s c a tter in g  a n g le  [ d e g ]
a s p e c t  ra t io  1 0 . 0 a s p e c t  ra t io  2 0 . 0
s c a t t e r i n g  a n g le  [ d e g ] sc a t te r in g  a n g le  [ d e g ]
Figure 3.2. Plot o f Fo.o/F[.1 (dashed lines) and the linear polarization (solid
lines) for randomly oriented monodisperse prolate spheroids with size parameter x  =  2 
for various aspect ratios. The refractive index is 1.31 -+- z'G.l x 10-9 . The value o f  the 
linear depolarization. S£. at the backscatter angle is indicated in each panel. The dotted 
line in the upper left panel is the result for the equivalent spheres.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
66
a s p e c t  rGtio 0 . 9 ’ aspec t ra t io  0 .6 7
s c c t t e r i n g  a n g l e  [ d e g ]  s c a t t e r i n g  a n g l e  [ d e g ]
a s p e c t  ra t io  0 .5  c s p e c t  ra t io  Q.25
s c a t t e r i n g  a n g l e  [ a e g ]  s c a t t e r i n g  a n g l e  [ d e g ]
Figure 3.3. Phase function for randomly oriented monodisperse oblate spheroids with 
size parameter x  =  30 for various aspect ratios (solid lines). The refractive index is 
1.33 4-tO.005. The dotted line shows corresponding Mie results for the equivalent spheres. 
The value of the asymmetry parameter is included in each panel.
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aspect ratio 0.91 aspect rat io  0 .6 7
s c a t t e r i n g  a n g le  [ d e g ] s c a tter in g  a n g l e  [ d e g ]
a s p e c t  ra t io  0 . 5
1.0
a s p e c t  ra t io  0 . 2 5
1.0
\ \
<5L = 31%
0.5)
o.o
- 0 .5  !
0 45 90 135 180
s c a t t e r i n g  a n g le  [ d e g ]
°-5 r
0.0
- 0 .5
<5U = 65%
45 90 135 180
s c a tterin g  a n g l e  [ d e g ]
0
Figure 3.4. Plot o f F2 .2 /F1.1 (dashed lines) and the linear polarization F\:1/F\,i (solid 
lines) for randomly oriented monodisperse oblate spheroids with size parameter x  =  30 
for various aspect ratios. The refractive index is 1.33 4- tO.OOo. The value of the linear 
backscatter depolarization. 5£,. is indicated in each panel.
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a s p e c t  ra t io  1.1 a s p e c t  ra t io  2 .0
s c a t t e r i n g  c n g l e  [ d e g ]  s c a t t e r i n g  a n g l e  [ d e g ]
a s p e c t  ra t io  10 .0  a s p e c t  ra t io  2 0 .0
s c a t t e r i n g  a n g l e  [ d e g ]  s c a t t e r i n g  a n g l e  [ d e g ]
Figure 3.5. Phase function for a size distribution o f randomly oriented prolate spheroids 
with effective size parameter x  =  2 and variance uef j  =  0.1 for various aspect ratios 
(solid lines). The refractive index is 1.31 +  i6.1 x 10-9 . The dotted line corresponds to 
the equivalent spheres.
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aspect ratio 1.1
s c a t t e r i n g  a n g l e  [ d e g ]
aspect rat io  2 .0
s c a tte r in g  a n g l e  [ d e g ]
a s p e c t  ra t io  1 0 .0 a s p e c t  ra t io  2 0 .0
s c a t t e r i n g  a n g le  [ d e g ] s c a t te r in g  a n g l e  [ d e g ]
Figure 3.6. Figure showing F lyo/Fx.i (solid lines) and (dashed lines) for a size
distribution randomly oriented prolate spheroids with size parameter x  =  2 for various 
aspect ratios. The refractive index is 1.31-M6.1 x 10-9 . The value o f  the linear backscatter 
depolarization. 5£,. is indicated in each panel. The dotted line in the upper left panel is 
for the equivalent spheres.
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□ s p e c :  re-Jo 0 - 3 1
s c c t t e r i n g  a n g l e  [ d e g ]
c s o e c t  ra t io  0 .5
s c c t t e r i n g  a n g l e  [ d e c ]
a s p e c t  ra t io  0 .53 a s p e c t  ra t io  0 .2 :
; oo.oo f
s c c t t e r i n g  c n g l e  [ d e g ]
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0 4 5  9 0  1 3 5  1 8 0
s c c t t e r i n g  c n g l e  [ c e g ]
Figure 3.7. Figure showing the phase functions for size distributions of randomly oriented 
oblate spheroids with effective size parameter x  =  8 and effective size variance urj f  = 0.1 
(solid lines). =  0.05 (dashed lines). vcf j  =  0.01 (dash-dotted lines) for various aspect 
ratios. The refractive index is 1.31 -f- iG.l x 10~°. The dotted line corresponds to the 
ecjuivalent spheres.
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a s p e c t  ra t io  0 .9  ‘ aspect rat io  0 .5
s c a t t e r i n g  a n g l e  [ d e g ] s c a t te r in g  a n g l e  [ d e g ]
a s p e c t  ra t io  0 . 3 3
s c a t t e r i n g  a n g le  [ d e g ]
a s p e c t  ra t io  0 . 2 5
1.0
F 2 2 / F 1  1 
- F 1 2 / F 1 1
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0.0
- 0 . 5
■ ■r
K  0.01
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0.05 =  4 1 %
<5U o.i =  2 9 %
4 5  9 0  1 3 5  1 8 0
s c a t te r in g  a n g l e  [ d e g ]
Figure 3.8. Figure showing F\:1/Fi.i and F2.2 /F\,\ for size distributions o f randomly 
oriented oblate spheroids with size parameter x =  8 for various aspect ratios. The 
effective size variance is i/ef j  =  0.1 (solid lines). t/e/ /  =  0.05 (dashed lines). i/ef j  =  0.01 
(rhish-dotted lines). The refractive index is 1.31 4- z6.1 x 10-9 . The value o f the linear 
backscatter depolarization. 5 is indicated in each panel. The dotted line in the upper 
left panel is for the equivalent spheres.
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a s p e c t  ra t io  i . 1
s c a t t e r i n g  a n g l e  [ c e g ]
a s p e c t  ra t io  2.C
s c a t t e r i n g  a n g l e  [ c e g ]
as D e ct  rat io ' 0 asD ec t ra t io  20
0  * 5  9 0  1 3 5  1 8 0
s c a t t e r i n g  a n g l e  [ c e g ]
1 GO.0 0
10.00 h
g — 0 . 3 5  i
■15 9 0  1 3 5
s c a t t e r i n g  a n g l e  [ a e g ]
Figure 3.9. Figure showing the phase function for shape distributions o f randomly ori­
ented prolate spheroids with effective size parameter x  =  2 and various aspect ratios. The 
refractive index is 1.31 -Fi6.1 x 10-9 . Two lines, one for shape variance /*e// =  0.1 (solid 
lines), and one for shape variance fiej f  =  0.2 (dashed lines), are hardly distinguishable. 
The dotted line corresponds to the equivalent spheres.
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aspect ratio 1.1 aspect ratio 2 .0
s c a t t e r i n g  a n g le  [ d e g ]
a s p e c t  ra t io  1 0
s c a tte r in g  a n g le  [ d e g ]  
a s p e c t  ra t io  2 0
s c a t t e r i n g  a n g le  [ d e g ] s c a t te r in g  a n g le  [ d e g ]
Figure 3.10. Figure showing Fi,2/Fi,i and F2 .2 /F\.\ for shape distributions o f randomly 
oriented prolate spheroids with size parameter x  =  2 for various aspect ratios. Two lines, 
one for shape variance /ie/ /  = 0.1 (solid lines), and one for shape variance fj.cj f  =  0.2 
(dashed lines), are hardly distinguishable. The refractive index is 1.31 -Fi6.1 x 10-9 . The 
value of the linear backscatter depolarization. S is indicated in each panel. The dotted 
line in the upper left panel is for the equivalent spheres.
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a s p e c t  ra t io  0 .91  a s p e c t  ra t io  0 .5
s c a t t e r i n g  a n g l e  [ a e g ]  s c a t t e r i n g  a n g l e  [ a e g ]
c s p e c t  ra t io  0 .1 2 5  a s p e c t  ra t io  0.1
s c a t t e r i n g  c n g f e  [ c e g ]  s c a t t e r i n g  a n g l e  [ C e g ]
Figure 3.11. Figure showing the phase function for shape distributions o f  randomly ori­
ented oblate spheroids with effective size parameter x  =  10 and various aspect ratios. 
The refractive index is 1.31 +16.1 x 10-9 . Two lines, one for shape variance p eyy =  0.5 
(solid lines), and one for shape variance p e/ /  =  1.0 (dashed lines), are hardly distin­
guishable in the upper panels. The dotted line corresponds to the equivalent spheres.
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Figure 5.12. Figure showing F\-2 /F\_\ and F>;>/FiA for shape distributions o f randomly 
oriented oblate spheroids with size parameter x =  10 for various aspect ratios. There 
are two lines, one for shape variance /Ae/ /  =  0.5 (solid lines), and one for shape variance 
=  1.0 (dashed lines). The refractive index is 1.31 -f- i6.1 x 10-9 . The value of the 
linear backscatter depolarization. 5^. is indicated in each panel. The dotted line in the 
upper left panel is for the equivalent spheres.
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Figure 3.13. Figure showing the phase function for a size-shape distribution of randomly 
oriented prolate spheroids with effective size parameter x  =  2 for various aspect ratios. 
The size variance is i/eyy =  0.1. and the shape variance is £te/ /  = 0 .1 . The refractive 
index is 1.31 -I- i6.1 x 10-9 . The dotted line corresponds to the equivalent spheres.
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Figure 3.14. Figure showing F\;ijF\,\ and ^>.2/ ^ 1.l for size-shape distributions of ran­
domly oriented prolate spheroids with size parameter x  =  2 for various aspect ratios. 
The size variance is vef f  =  0.1. and the shape variance is fief f  =0 .1 . The value o f the 
linear backscatter depolarization. Sc, is indicated in each panel. The dotted line in the 
upper left panel is for the equivalent spheres.
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Figure 3.15. Phase function for a size-shape distribution of randomly oriented oblate 
spheroids with effective size parameter x  =  10 for various aspect ratios. The size variance 
is vef f  =  0.1. and the shape variance is ^ e // =  0-5. The refractive index is 1.31 4- i6.1 x 
10-9 . The dotted line corresponds to the equivalent spheres.
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Figure 3.16. Figure showing Fi^/Fx.i and F2,2/F i,i for size-shape distributions of ran­
domly oriented oblate spheroids with size parameter x  =  10 for various aspect ratios. 
The size variance is uef f  =  0.1. and the shape variance is =  0-5- The value o f the
linear backscatter depolarization. 5i, is indicated in each panel. The dotted line in the 
upper left panel is for the equivalent spheres.
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Chapter 4
Modeling lidar backscatter
Theoretical studies on lidar observations o f polar stratospheric clouds (PSCs). and on 
lidar observations of clouds consisting o f nonspherical particles in general, are sparse. 
This is due to the complex nature of the scattering problem and the wide range of 
size, shape, and compositions of the (nonspherical) particles found in nature, as well 
as the lack o f  a general, fast, accurate, and easy-to-use model for doing the scattering 
computations.
It is a well known fact that nonspherical particles will depolarize a linearly polarized 
lidar beam, but too few theoretical studies have been done to establish whether or 
not further information about the scattering particles can be deduced from polarization 
lidar observations. Even when some a priori knowledge of the scattering particles exists, 
it remains to be shown if observations o f  linearly depolarized lidar returns from one 
wavelength alone can be utilized for particle sizing or for obtaining other information 
about the scattering medium.
The particles in an actual ice-cloud. and the aerosols in the atmosphere in general, 
are not spheroids, but modeling ensembles of such nonspherical particles with ensembles 
of spheroids have been shown to yield very useful results [11. 18. 58]. Compared to 
a spherical particle, the spheroidal particle can be characterized by only one additional 
parameter, namely the shape (or eccentricity). As discussed in previous chapters, several
80
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models for calculating the single scattering properties o f spheroids exist [3. 15].
The present study is aimed at improving the theoretical basis for polarization lidar 
studies by expanding the range of applicability o f the spheroidal particle model and com­
bining it with vector radiative transfer computations. More specifically, the new model 
for calculating the scattering properties o f ensembles of randomly oriented spheroids will 
be used together with a vector radiative transfer code to interpret lidar data. The inten­
tion is to validate the new method by comparing results with benchmark studies, and 
use it to provide new insights to aid the interpretation o f lidar data.
One advantage of computing T-matrix is that it greatly simplifies the averaging over 
particle orientations and thus facilitates the computation o f the scattering characteristics 
for various types of particle distributions. In nature, an actual PSC is likely to consist 
of particles with varying sizes and shapes. Results for the backscattering by polydisper­
sions are presented here. It is well known that the backscattering of a monodispersiou 
of spheres will oscillate greatly with particle size parameter (ratio between particle size 
and wavelength), at least when the size of the spheres are comparable to the wave­
length. and that this effect is smeared out if a polydispersion is introduced. Similarly, a 
monodispersion of nonspherical particles will have distinct backscattering features (but 
less pronounced than for spheres). However, here we find that even narrow distributions 
in size and/or shape will tend to smear out these features. It seems, then, that we need 
to look for features in the backscattering from polydispersions if we are to make reliable 
inferences about the particles in nature studied by lidar. or at least we need to know- the 
effect o f polydispersions on the backscattering.
By modeling the optical properties of ensembles o f nonspherical particles we can com­
pute the lidar return from various types of clouds. We can determine if one wavelength 
of a polarization lidar is enough to retrieve information about the size or shape o f  the 
particles in actual clouds. The theoretical computations can also be used to develop 
retrieval algorithms for use with polarization lidars. Here we will study the case o f PSCs 
as this is a problem for which both theoretical and actual data are readily available.
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4.1 Introduction
Having obtained the Fourier expansion coefficients of the Stokes scattering matrix for 
size-shape distributions of spheroidal particles, we can use them in a vector radiative 
transfer model to compute the impact o f nonspherical particle shape on the radiation 
field, or. if we are studying lidar problems, we can model the backscatter returns from 
a variety of size-shape distributions. Schulz et al. [67. 68. 69] studied the effect o f  non­
spherical particles on radiative transfer using this approach. Here we use the same 
methods to model the polarization lidar backscatter signal from PSCs.
As discussed in the previous chapters, we have developed a new method for calcu­
lating the coefficients in the eigenfunction expansions required to solve the problem of 
scattering by spheroidal particles using the Separation of Variables Method (SVM ) [1]. 
Also, a new method for finding the T-matrix based on the single scattering calculations 
obtained with the SVM is available [16].
To validate and check the results obtained with our scattering code we have compared 
them with results obtained by other investigators using different methods. These compar­
isons indicate that our results are in close agreement with those obtained by Mishchenko 
and co-workers using the Extended Boundary Condition Method (EBCM) [70. 18. 71]. 
Our method allows us to study particles with relatively large sizes and aspect ratios. 
Two studies by Toon et al. [2. 20] discussed lidar returns by PSCs. Tn these works Toon 
et al. established a classification scheme for PSC particles in terms o f the computed lidar 
returns based on assumptions about their shape, size, and composition.
PSC particles are commonly classified in two major types, type 1 and 2. PSCs of 
type 2 consist o f particles larger than 10 /zm. They are identified as water ice clouds and 
are seldom observed in the polar stratosphere except when they originate from mountain 
induced gravity waves [72]. PSCs of type 1 consist o f typically smaller particles o f varying 
phase and composition. The exact composition of these particles is still a matter of 
discussion. For type 1 PSCs one distinguishes further between types la, lb. and recently 
lc  [73]. Type la  is thought to be nonspherical (solid phase) particles about 1 ^m or
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larger, that consist o f either Nitric Acid Trihydrate (NAT) or Nitric Acid Dihydrate 
(NAD). Type lb  particles are smaller, spherical particles with a typical radius o f  about
0.5 /mi. These are thought to consist of a ternary solution o f sulfuric and nitric acid 
(HNO3/H 2SO4/H 2O) [2]. Other types of PSCs have been suggested. O f these the solid 
phase HNO3/H 2O type lc  particles [73] are interesting in view o f the current investigation 
as we will show how they can be detected with a dual wavelength lidar system.
Due to their differing sizes and shapes, the various PSC particle types will scatter 
light differently and can therefore be distinguished with a polarization lidar system. 
Light scattering models for nonspherical particles provide a tool for determining the 
predominant size and shape o f  the particles present in a PSC. Toon et al. [2. 20] computed 
the scattering properties o f PSC type particles. Using a scattering code developed by 
Barber and Yeh [56], and more recently the code developed by Mishchenko et al. [11], 
they related the scattering signature o f the various types of PSCs to particles o f a certain 
general shape and size range. The computations were based on the assumption that 
the nonspherical PSC particles have a cylindrical shape that can be approximated with 
ensembles o f randomly oriented prolate and oblate spheroids. To support this assumption 
they cited observations and laboratory experiments [74, 75] which suggest that the typical 
nonspherical PSC particle is a prolate cylinder with a rather modest aspect ratio. In 
these calculations the spheroids were specified in terms o f their aspect ratio and their 
equal volume sphere radii. They also determined the real part o f the refractive index of 
NAT to be about 1.5 with a very small absorption for the two wavelengths (0.603 /mi 
and 1.064 /mi) o f the Browell [76] lidar system. Also Carslaw et al. [72] inferred from 
similar scattering calculations that PSC particles should have aspect ratios between 0.85 
(oblate) and 1.2 (prolate).
4.2 Lidar backscatter theory
The intensity of the lidar backscatter return is determined by the backscatter efficiency of 
the scattering medium. If the scattering matrix F(0, (f>) of a particle at a given wavelength
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is known, then the Stokes vector Isca of the light scattered by the particle in direction 
(9. <f)) can be found by
Isca =  F(0. <t>) Imc . (4.1)
and the intensity anywhere in the far field by
IsCa =  F ( 0 ^ ) / —  (4’2)
Here I,„c =  (Ii.Q i,U i,V i) is the Stokes vector o f the incoming light, k =  2tt/A is the 
corresponding wavenumber. and R  is the distance from the particle to the observation 
point. F is thus a dimensionless function o f direction. Dividing F by k2Csca another 
dimensionless function called the phase phase matrix. Z. is obtained. Integrating the 
( 1. 1) element o f the phase matrix, called the phase function, over all directions yields 1. 
and it can therefore also be viewed as a probability function describing the probability 
that light will be scattered in a certain direction. The scattering cross section. Csca• of 
the particle is defined such that the total energy leaving (scattered by) the particle in 
all directions is equal to the energy of the incident wave falling upon the area Csca. or
C Sc a  — I  d l l s r a  I.srn ( n , r a )
* i n c  J  
4 -
(4.3)
=  p - f dujF(d.<f>) .
•i-
where n5Ca is the unit vector in the direction o f the far-field diverging scattered spherical 
wave, and du =  sin# dddcf). The scattering matrix, F(© ), for a macroscopically isotropic 
and symmetric medium (e.g. an ensemble o f particles with a plane of symmetry) is 
invariant with respect to the choice of the scattering plane, that is, it depends only on 
the angle © between the incident and scattered beams. It is defined as [3, 15]
F (0 )  =  <  Z (0 )  > . (4.4)
{-'sea
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where < Z > is the orientationally averaged phase matrix. Equation 4.3 can in this case 
also be written as
and Eq. 4.1 can be written as
C Sc a  — 2 tt  j  < /© s i n ©  <  Z \ , \ { Q )  >  . ( 4 .5 )
o
/ . « , ( © )  =  ^  -2  < Z l . l ( © ) >  I i n c . ( 4 .6 )
^  s e a ' t*
The energy leaving the particle in any direction © relative to the incoming beam through 
a hypothetical circumscribing sphere is thus
/ * : « ( © )  =  * U ( © U i n c .  ( 4 ’ 7 )
The direction dependent scattering coefficient is defined as the ratio of the out-going 
energy in any given direction to that of the incoming energy, or
< r (@ ) =  ^  * u i ( e )  • (4 -8 )
* i n c  ^
More specifically, the backseat ter ing coefficient is given by
^  =  o-(TT) =  p  F u i { 7T) . ( 4 .9 )
The backscattering efficiency. Q b • is just the backscattering coefficient divided by the
cross sectional area o f the (individual) particle, or
Q b  =  — ■7 =  =  - L f m I t t ) .  ( 4 .1 0 )ira- K- 7ra- ttx-
where x  =  a/: is the size parameter of the particle(s) in question, and a is its equal
volume sphere (or equal area sphere) radius. Q b  is a dimension less quantity.
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4 .2 .1  Aerosol backscattering and depolarization
The aerosol backscattering ratio is defined as the ratio o f the backscattering coefficient 
due to aerosols and air molecules over that due to the air molecules alone, or
5  =  (a *  + a * ) fa *  . (4.11)
with a f  and o i{ being the backscattering coefficients o f  the aerosols and the surrounding 
air. respectively. It is often convenient to use the ratio o f the aerosol backscattering 
coefficient to the molecular backscattering coefficient, denoted S — 1. or
S -  1 =  a * fa *  - (4.12)
If the mixing ratio o f  aerosols in the surrounding air is known then the aerosol backscat­
tering ratio at a given wavelength and height z is given by
Ctf _ TLp(z)
s a(*) =  ~ ¥  TT +  1 • (4‘ 13)CTA.-n --i(z )
where erf _ and erf _ are the backscattering coefficients for the particles and the air at a 
given wavelength, respectively, and n p (z) and nA(z) are the number densities o f particles
and air molecules, respectively. With a known particle mixing ratio o f  10 ppbm we have
= 1 X  10-* . (4.14)
rc.-lU) m A
where Trip and m A are the masses o f the particles and air molecules, respectively. Using 
this relation we can write Eq. 4.13 as
Sx(z) =  x 10- 8)  + 1 .  (4.15)
Ctf- \T7lp J
For the case of Rayleigh backscattering due to the clear air we have [77]
<r« =  5.45 ( .  ,  A,„
A,,r V5.5 x 10“
R ) x 10-21 m2sr_1. (4-16)
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In addition masses m p  and m.\ are given by
4 , M  \
m P = -T vappp  : m\ =  . (.4.17)
where ap is the particle equivalent radius, pp =  1 x 103 kg/m 3 is the density of the 
particles which is close to that o f water for the case of PSCs. and =  6.02 x 1023 mol" 1 
is Avogado's number, and =  0.02897 kg/mol is the molar mass o f air. The aerosol 
backscattering ratio can now be written as
Csca Fi,i {'•) (  A 2., f  .3 A/.-j i n—sS\{z) -  1 =  - - f2-, 7  =r x 10~‘ -------------- ‘ vr x 10~* . (4.18)
21.8irk- Vo.5 x 10 ‘ /  yA -a ?p ppN.\
or equivalently
Sx(z) -  1 =  -  CsCaf , l; lip - It  [ - -   ^ - V ‘ x 101G • (4.19)' 4 21.87T2 k- ap pp N_\ Vo.o x 10 ' /
which can be further simplified by inserting the actual numbers.
The backscatter ratio is easily measured by a lidar system. So is the total depolar­
ization ratio which is just the ratio o f the perpendicular backscatter return. Rs■ to the 
parallel backscatter return. Rp, or Dp =  RS/RP- where the wavelength subscript has 
been omitted. The linear depolarization. D. due to aerosols alone can be obtained from 
the aerosol backscattering ratio [76]
'SP[S3 - l } \ = R l  
Ss[Sp -  1] /  R£D = D r  ( p P rr— rr I =  i #  • (4-20)
hence it is the ratio o f  the perpendicular backscatter return from aerosols to the parallel 
backscatter return from aerosols.
With a dual wavelength lidar system we can measure the above quantities at two 
wavelengths. From this we can study their wavelength dependence and get additional 
information about particle size or shape. The color ratio is defined as
color ratio =  cr£t _/cr£2 _ , (4.21)
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where _ is the aerosol backscattering coefficient for a given wavelength. AL and A2 
(A[ <  Ao) are the wavelengths o f the dual wavelength lidar system. Here we use a 
parameter a  similar to the color ratio is defined by
(SAl -  1) / (S A, -  1) =  (A^Aa)0' 4 . (4.22)
where we have assumed that the aerosol backscattering ratio (5a — 1) is proportional to 
A1-° . and hence we assume that the aerosol backscatter by itself is proportional to A~°. 
The factor 4 in the exponent is due to inverse fourth power wavelength dependence of 
the molecular scattering. Thus, a  will describe the wavelength dependence o f the aerosol 
backscattering cross section alone. Solving for a  in the above equation yields
„ - 4 + ■ .( [ « , ;  -  -  111. ,4.23,
hnAi/Ao)
We also introduce here the co-color ratio, defined as the ratio o f the linear depolarization 
due to aerosols that is observed with the shorter wavelength over that observed with the 
longer wavelength, or
co —color ratio =  Da^ D a-, - (4.24)
It is often more convenient to define a similar parameter 5  to describe the wavelength 
dependence of the linear depolarization through the relation
D xJ D X2 =  {\ x/ \ *r3 - (4.25)
Thus.
P =  ' <4'26)In (A i/ Ao)
If we have an a  o f  zero the aerosol backscatter is assumed to be wavelength independent 
for wavelengths between Ai and A2. A positive a means that the backscatter will increase 
with decreasing wavelength. When the aerosols are in the Rayleigh region for both 
wavelengths, the value o f a  is 4. describing the normal A-4 dependence for this case. 
Similarly, a zero /3 value will indicate that there is no wavelength dependence of the
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
89
depolarization, whereas a positive B will indicate that the depolarization is increasing 
with decreasing wavelength.
4.3 Backscatter calculations
In this section results from extensive calculations o f backscattering characteristics for 
ensembles o f randomly oriented spheroidal particles are presented and discussed. The 
;issumptions about the particles are made to mimic the conditions in PSCs. and as such 
follows the reasoning of Toon et al. [2. 20]. We assume that the particles have a very 
low absorption and a real refractive index slightly higher than that o f  water-ice at the 
wavelengths considered. 603 nm and 1064 am. the wavelengths of the Browell [76] et al. 
dual lidar system.
4.3 .1  Monodispersions
Figure 4.1 shows the backscatter ratio and the total depolarization for monodispersions 
consisting o f randomly oriented spheroids of varying aspect ratio as a function of equal 
volume sphere particle size. The upper panel shows the backscatter ratio. 5a — 1- at 603 
11111 wavelength as a function o f the spherical volume equivalent radius. The various 
lilies correspond to the particle aspect ratio indicated in the figure. The lower panel 
shows the corresponding depolarization ratio D\. The calculations were performed for a 
particle mixing ratio o f 10 ppbm. a particle density o f 1 gm c m '3, and particle refractive 
index of 1.5 +  j0.0, i.e. the particles have no absorption. The refractive index for water 
ice at this wavelength is 1.31 +  z6.06 x 10-9 [78]. The refractive index o f  NAT and NAD 
type PSC particles has been calculated to be near 1.5 with a similarly small absorption. 
The backscatter ratio for spheres are included for comparison (labeled Mie). It is seen 
that the ensembles having mildly aspherical shape tend to display the same resonances 
in the backscatter ratio as do spheres, but that this effect is completely gone once the 
aspect ratio exceeds about 2. The ensembles with highly aspherical particles do not 
display the resonance features because they lack the symmetry of the spherical particles.
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Figure 4.1. Plot o f the backscatter ratio S -  1 and depolarization ratio D  for monodis­
persions o f randomly oriented spheroids as a function of equal volume sphere particle 
radius. The lidar wavelength is 603 nm. and the refractive index of the particles is 
1.5 -h 10.0. The different lines correspond to different particle aspect ratios (e >  1 are 
prolate spheroids) and are labeled in the figure.
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In an ensemble of spherical particles all the particles can be said to be lined up or 
oriented the same way. i.e. it does not make any sense to talk about randomly oriented 
spheres. If the spheres in a monodispersion have a scattering resonance, or lobe, in 
some direction for a certain wavelength, particle size, and direction o f propagation of 
the incoming light, then the scattered light from all the spheres in the ensemble will 
add up in this direction and give a peak in the phase function of the ensemble. With 
non-spherical particles this is not so because in an ensemble with randomly oriented 
non-spheres, peaks in the phase function will not add up in the same direction. This is 
why ice-clouds scatter more to the side than water clouds. The influence o f the shape on 
the backscatter depolarization (the lower panel) is also interesting. The more aspherical 
particles show significant depolarization for smaller particles, but even nearly spherical 
particles can have very high depolarization. In fact, the highest depolarization values are 
seen for the particles with e =  1.1. Note also that the "saturation" depolarization value,
i.e. the value around which the depolarization seems to fluctuate once it has reached a 
significant zero value, is about 0.5 for all the shapes except the nearly spherical ones.
Figure 4.2 shows plots of the same quantities as in Figure 4.1 but now for the lidar 
wavelength 1064 nm. We again consider a monodispersion with a real refractive index o f
1.5. Aside from the backscatter ratio being higher and the oscillations more pronounced 
because of the decrease in the contribution from the background air molecules at this 
wavelength, the plot is similar to the previous one but shifted to the right. Again we 
see that particles with aspect ratio greater than about 2 do not yield high backscatter 
ratios compared to the ones closer to spherical shape.
In Figure 4.3 the results from Figure 4.1 and Figure 4.2 are used to calculate the 
parameters a  and 8. i.e. the wavelength dependence of the backscatter ratio and depo­
larization. respectively. The wavelength dependence of the backscatter ratio is positive, 
or increasing with increasing wavelength for the smaller particles, but tends towards zero 
or negative for the larger ones. This corresponds to the location of the "hump" in the 
two previous figures. As expected, the a  values for the least aspherical particles are
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Figure 4.2. Plot o f the backscatter ratio 5  — 1 and depolarization ratio D  for monodis­
persions o f randomly oriented spheroids as a function o f  equal volume sphere particle 
radius. The lidar wavelength is 1046 nm. and the particles have a real refractive index of
1.5. The different lines correspond to different particle aspect ratios (e > 1 are prolate 
spheroids) and are labeled in the figure.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
93
rcd»uS [Mm ]
rcc ius
Figure 4.3. Plot of the parameter a  (upper panel) and [3 (lower panel) as a function of 
equal volume sphere particle size for monodispersions o f randomly oriented spheroids. 
The different lines corresponds to different particle aspect ratios as indicated in the 
figure. The two lidar wavelengths used to calculate the plot are 603 nm and 1064 nm. 
The particles have a real refractive index o f  1.5.
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oscillating more than what is the case for the most aspherical particles. Unfortunately 
it is impossible to determine the shape or size o f particles from the a  values alone: some 
additional information is necessary. The value of /3 has a pronounced peak for mildly 
aspherical particles with an equivalent radius o f about QAfim. Looking at the previous 
two figures we conclude that this behavior is due to the significant depolarization at 603 
nm wavelength, whereas the same particles have very little depolarization at 1064 nm.
There are some differences between our results and those of Toon et al. [20]. These 
differences are largely due to the finer spacing o f the data-points in our figures. The 
results obtained here as well as those reported in Ref. [20] differ significantly from the 
ones in Ref. [2]. This discrepancy is due to the scattering code used in [2], which was an 
early implementation o f  the EBCM that was run in single precision mode in an effort to 
find general trends rather than high precision numbers.
4 .3 .2  Polydispersions
It is highly unlikely that a PSC would consist solely of identical particles. It is therefore 
desirable to base theoretical modeling on a cloud consisting of particles with a more 
realistic size distribution, or size-shape distribution. Although it is difficult to determine 
the size-shape distribution accurately, theoretical studies [15] have shown that even a 
small variability in the particle size and/or shape of a scattering particle ensemble tend 
to smear out conspicuous features in the phase function that are often present in results 
based on monodispersions. In the case o f lidar backscattering. these features show up 
as an oscillating behavior o f the calculated backscattering coefficient which reveals itself 
also in the backscatter ratio and the color ratio. Since the absorption by PSC particles is 
generally believed to be small, the predominant source of the scattered field will be due 
to the discontinuity of the real part o f the refractive index across the particle surfaces. 
The absorption should nonetheless be included, but the size of the spheroids should be 
specified in terms of their equal area sphere radius rather than their equal volume 
sphere radius as the surface area will be a main factor in determining the scattering
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properties. Since the particles are in any case small, the effect o f specifying the particle 
size one way or the other will not be great.
Figure 4.4 shows the results o f calculations o f the same quantities as in Figure 4.1 but 
now for a size-shape distribution o f  randomly oriented spheroids (solid lines) as a function 
o f equal area sphere radius. The particles now have a small imaginary part (absorption) 
in the refractive index of 6.1 x 10-9 . The size-shape distribution is a combination o f  a 
power-law size distribution with an effective variance o f 0.1. and a equiprobability shape 
distribution with a 5% variation in the aspect ratio e  in 5 bins centered around the 
mean aspect ratio given in the figure. The two distributions are combined in such a way 
that the smaller particles are the least non-spherical. a feature often observed in nature. 
We note that introducing ensembles o f  size-shape distributions o f slightly absorbing ran­
domly oriented prolate spheroids (specified in terms o f equal area sphere radius) changes 
the backscattering characteristics significantly compared to a monodispersion. Our tests 
show that the difference is almost completely due to the introduction of a size-shape 
distribution and not due to the added absorption. The linear depolarization becomes 
significant for smaller effective particle radius as expected because the distributions con­
tain particles that are larger than the effective radius. Other than that, the effect o f 
particle size-shape distributions on the linear depolarization seems to be to blend and 
smear out features obtained for the monodispersions. The oscillating behavior o f  the 
backscatter ratio S — 1 due to resonances revealed in the case of monodispersions has 
been smeared out and is less evident in the case of polydispersions. The "saturation" 
depolarization is again about 0.5 as expected. It seems that a measured depolarization 
other than 0.5 is what will give us a reasonable chance of using the depolarization for 
retrieving information about particle size and/or shape.
Figure 4.5 is similar to Figure 4.4 except that we have used the lidar wavelength o f 
1064 nm in this case. Mishchenko et al. [70. 71] also noted that even slight deviations 
from spherical shape can lead to significant depolarization and values far greater than 
0.5. This suggests that type lb  PSC particles, which lead to insignificant depolarization.
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Figure 4.4. Plot o f the backscatter ratio S' — 1 and depolarization ratio D  for poly­
dispersions o f randomly oriented spheroids as a function o f equal area sphere particle 
radius. The lidar wavelength is 603 nm. and the refractive index of the particles is 
1.5-f i6.1 x 10- 9 . The different lines correspond to different particle aspect ratios (s >  1 
are prolate spheroids) and are labeled in the figure.
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Figure 4.5. Plot of the backscatter ratio 5  — 1 and depolarization ratio D  for polydisper­
sions o f randomly oriented prolate spheroids as a function o f  equal area sphere particle 
radius. The lidar wavelength is 1064 nm. and the refractive index o f the particles is 
1.5 -t-i'G.l x 10-9 . The different lines correspond to different particle aspect ratios (e >  1 
are prolate spheroids) and are labeled in the figure.
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most likely are almost completely spherical in shape, or. they are smaller than about 
0.3/im. They must certainly have an aspect ratio less than e =  1.1. A third possibility is 
that these particles consist of (spherical) droplets with crystalline inhomogeneities inside 
them. Our model can not as yet be used for studies o f such particles.
In Figure 4.6 we have plotted the a  and 0  parameter using the results o f Figures 4.4 
and 4.5. The parameter 0. and so also the co-color ratio, is particularly sensitive to 
particle size. Note how the maximum 0  values are obtained for effective equal area 
sphere particle radius between 0.2^m and 0.5/im for the lidar wavelengths considered 
here. For the shorter o f the two wavelengths, the scattering particles are in the resonance 
region and will therefore give strong backscatter depolarization even for mildly aspherical 
particles, whereas the scattering mechanism for the longer wavelength is still dominated 
by Rayleigh type scattering. One could say that the shorter wavelength can be used to 
reveal the shape o f  the particles whereas the longer one can not. Also it appears that 
the height of the peak in the plot for 0  depends on the mean particle asphericity. The 
co-color ratio, and 0. is therefore a useful indicator o f both PSC particle size and shape. 
For example, type lb  PSCs will have have high a  values, but 0  values close to 0 (or 
undefined). Similarly, a small a value (less than about 0.5 in our modeled case) and a 0  
value less than about 1 will indicate particle distributions with typical size parameters 
larger than 10 (or about 1.0 finl in this case). To discern type lb  PSCs from type lc 
PSCs. and to establish the size of type lc PSCs. the parameter 0  should be especially 
useful since the value o f 0  varies significantly with size in the region o f interest.
In Ref. [20] Toon et al. divided the possible lidar returns from PSCs into four 
categories as summarized in the Table 4.1. We see that, with the exception o f  the last 
category, this schemes follows in a straightforward manner from the plots o f D a632 and 
D\inCi. The argument for the last assertion is as follows: In a mixed cloud with a majority 
o f small spherical particles and a few large non-spherical particles, the backscatter ratio 
•?G03 — 1 will be reasonably high for smaller particles, but very small for the larger ones 
(Fig. 4.4. upper panel), whereas S106.1 — 1 will be comparable for both (Fig. 4.5, upper
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Figure 4.6. Plot o f the parameter o  (upper panel) and /3 (lower panel) as a function of 
equal area sphere particle size for polydispersions o f randomly oriented spheroids. The 
different lines corresponds to different particle aspect ratios as indicated in the figure. 
The two lidar wavelengths used to calculate the plot are 603 nm and 1064 nm. The 
particles have a real refractive index o f 1.5 4- z6.1 x 10~9.
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Table 4.1. PSC lidar return classification scheme.
D\=6Q3 ^A=1064 Particle Type
<  2% 
>  2% 
>  2% 
<  2%
< 2% 
> 2% 
< 2% 
> 2%
spheres 
large non-spheres 
small non-spheres 
spheres mixed with large non-spheres
panel). Hence, the larger particles will account for only a small part o f the backscatter 
at the visible wavelength, but a significant part at the infrared wavelength. The amount 
for depolarized light returned at the visible wavelength will therefore be small relative 
to the total return, whereas the amount of depolarized light returned at the infrared 
wavelength will be substantial.
If we can assume that PSC particles are either spherical or far from spherical (i.e. £ >  
2) then, referring to the plots for £>go.3 and £>106-!- since the "saturation” depolarization 
value of about 0.5 is reached very quickly, we can postulate that any lidar returns with 
depolarization 10% <  D\ < 40% is likely to be from a mixed type cloud. If this is the case 
then mixed type PSCs are much more common than previously thought [20]. If. on the 
other hand, non-spherical PSC particles are typically only mildly aspherical. or if liquid 
PSC particles with solids inside them are common, then it is hard to distinguish between 
mixed type clouds and homogeneous clouds, unless we have a case as described above. 
This is because the mildly aspherical particles are seen to slowly increase their ability to 
depolarize light with size, and so no marked transition from low or no depolarization to 
a "saturation” depolarization value is seen.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
101
4.4 Modeling lidar signal propagation in the atmosphere
We study an idealized case in which an otherwise clear sky has a cloud consisting of ice 
particles in the upper atmosphere. If we assume that the beam divergence o f the pulsed 
laser is such that the beam FWHM spot size is much larger than the area covered by the 
held of view o f the receiver, we can consider that part o f  the sky which is seen from the 
receiver to be uniformly illuminated. Since we are interested only in the direct backscat­
ter. we conclude from symmetry considerations that we may use a radiative transfer 
code for a plane parallel, vertically inhomogeneous atmosphere to model the backscatter 
from each LIDAR bin. The laser light propagates upwards without changing its initial 
polarization, but is exponentially attenuated by the accumulative optical depth of the 
atmosphere. The receiver has a finite temporal sampling resolution which determines 
the vertical spatial resolution of the LIDAR system. Each vertically resolved segment is 
called a bin and has a typical length of about 100 m. For each of the bins we can compute 
the Stokes vector in the backscatter direction using the vector radiative transfer model. 
For bins with no cloud the resulting Stokes vector for the scattered light is due solely 
to Rayleigh scattering molecules. One does not expect such a layer to depolarize the 
incident beam unless one accounts for multiple scattering and/or the slight anisotropy 
(deviation from perfect dipoles) of the molecules in the air. This is accounted for in our 
model.
A modeled LIDAR profile is shown in Figure 4.7. There is a cloud between 10 and 
11 km in which each 100 meter bin has an optical depth o f  10 times that o f the same bin 
without cloud. For the 100 meter bin centered at 1050 m rc/OU(/ =  4.46 x 10- '5 whereas 
~cUar =  4.46 x 10~4. The total optical depth o f the cloud is about 0.04. i.e. a sub- 
visible. or barely visible, cirrus cloud. The cleax sky optical depths were calculated using 
the 1976 US Standard Atmosphere. The scattering matrix is calculated as above. In 
Figure 4.7 we used the Stokes scattering matrix for monodispersions of prolate spheroids 
with an equal area sphere radius of 0.527fim  and aspect ratio e =  1.1 (dotted lines) and 
e =  1.1 (dashed lines). The refractive index o f the particles is again 1.5 4- i0.0. and the
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wavelength is 0.603/im. From the modeled values the linear depolarization ratio. D. in 
the cloud is found to be £>f=i.i =  0.04 for the cloud consisting of particles with aspect 
ratio 1.1. and Zb= 1.5 =  0.6 for the cloud consisting of particles with aspect ratio 1.5. 
Since the Stokes scattering matrix used as input for the calculations was calculated using 
the code described in the previous sections, the differences in the results must be due to 
the effect of multiple scattering and propagation in the model atmosphere. Note that we 
get a small depolarization from the clear sky segments of the order of 0.03% in the lower 
atmosphere. This is due to the finite lidar bin height and multiple scattering included 
in the model and is also observed in real lidar measurements.
4.5 Conclusions
We have performed calculations of the backscattering properties of ensembles of ran­
domly oriented spheroids. For monodispersions of particles we found small discrepancies 
between results obtained by Toon et al. [20] and those presented here and by other inves­
tigators. However, we find that the primary conclusions drawn in Ref. [20] are valid in 
spite o f these differences, although our results indicate that the type lb  particles should 
be considered to be practically completely spherical. Extension of the calculations to 
particles o f larger size reveals no significant new' information in the backscatter. Most 
information seems to be in the the resonance region, specifically at size parameters be­
tween 3 and 15. This should be taken into account when designing lidar systems for 
specific purposes.
To model the backscattering characteristics o f PSCs in a more realistic manner, 
we extended the calculations to include size-shape distributions of randomly oriented 
spheroids. These results show that features in the backscatter typical for monodisperse 
particle distributions, tend to be smeared out and replaced by more smooth curves when 
polydisperse distributions are used. In general the linear depolarization ratio from such 
particle ensembles tend to be around 0.5. As a consequence, for realistic size-shape 
distributions likely to occur in nature, retrieval o f PSC particle size and shape with a
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lidar system becomes difficult, especially if only one wavelength is available. However, 
if a dual wavelength lidar system, or a variable wavelength lidar system is available, the 
size and shape o f nonspherical particles in a cloud can be inferred from the co-color ratio.
Using the single scattering properties found by the method above in a vector radiative 
transfer code, we have computed intensity and polarization patterns for ensembles o f size- 
shape distributions o f  spheroids mimicking those found in cirrus clouds. Only a simple 
application to lidar measurements has been demonstrated here.
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Figure 4.7. The top left panel shows the accumulative optical depth for a model at­
mosphere with a strato-cirrus cloud between 10 and 11 km. The solid line is for the 
clear sky case (USSA-76). The dotted and dash-dotted lines are for monodispersions of 
randomly oriented spheroids with aspect ratio e =  1.1 and e =  1.5, respectively. The 
parallel and perpendicular relative backscatter signal is shown in the upper right and 
lower left panels, respectively. The resulting total depolarization profile is shown in the 
lower right panel with the numbers for D r  and D  o f the cloud indicated in the figure.
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Figure 4.8. The top left panel shows the accumulative optical depth for a model atmo­
sphere with a strato-cirrus cloud between 10 and 11 km. The solid line is for the clear 
sky case (USSA-76). The dotted and dash-dotted lines are for size-shape distributions 
of randomly oriented spheroids with aspect ratio e =  1.1 and £ =  2.0. respectively. The 
wavelength o f the lidar is 1064 nm. the particles have an effective equal area sphere ra­
dius of 0.528Aim. and their refractive index is 1.5 -f-i'0.0. The parallel and perpendicular 
relative backscatter signal is shown in the upper right and lower left panels, respectively. 
The resulting total depolarization profile is shown in the lower right panel with the 
numbers for D r  and D o f the cloud indicated in the figure.
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Figure 4.9. The top left panel shows the accumulative optical depth for a model atmo­
sphere with a strato-cirrus cloud between 10 and 11 km. The solid line is for the clear 
sky case (USSA-76). The dotted and dash-dotted lines are for size-shape distributions 
of randomly oriented spheroids with aspect ratio e =  1.5 and £ =  3.0. respectively. 
The wavelength o f  the lidar is 603 nm, the particles have an effective equal area sphere 
radius o f 0.49/xm, and their refractive index is 1.4 -t- i 1.01 x 10-6 . The parallel and per­
pendicular relative backscatter signal is shown in the upper right and lower left panels, 
respectively. The resulting total depolarization profile is shown in the lower right panel 
with the numbers for D-p and D  o f  the cloud indicated in the figure.
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Chapter 5
Summary
We have developed a new comprehensive model for solving electromagnetic scattering 
problems involving spheroidal particles. The model starts by rigorously solving the sin­
gle scattering problem for a single spheroidal particle using the Separation o f Variables 
Method (SVM ). The Helmholtz equation is separable in the spheroidal coordinate sys­
tem. Thus, in the SVM one starts out by separating the wave equation in the three 
orthogonal components: the radial, the angular, and the azimuthal. Next one proceeds 
by finding the solution o f  the Helmholtz equation for each o f  these orthogonal compo­
nents. These solutions yield the expansion coefficients needed for expanding the incident 
and internal fields in terms o f  the product o f the spheroidal basis functions. By matching 
the fields incident on the particle with the fields in the interior o f the particle on the par­
ticle surface subject to boundary conditions, one obtains expressions for the coefficients 
relating the incident field to the scattered field.
The exact solution o f the Helmholtz equation is expressed in terms of eigenfunctions 
series that depends on the size and shape as well as composition o f the spheroidal particle. 
To calculate the eigenfunctions one first needs to find the eigenvectors, or coefficients, of 
the expansion. Traditionally this involved finding an initial estimate of the eigenvalues, 
and then using a method based on recurrence relations, infinite continued fractions, and 
a variational procedure. A major draw-back with this approach is that it does not readily
107
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lend itself to automatic numerical computations. This has limited the use o f  the SVM 
for scattering by spheroidal particles in the past. In this study an efficient and reliable 
method has been developed for computing the expansion coefficients in the eigenfunction 
series. The new method is based on reformulating the recurrence relation between the 
coefficients as an algebraic eigenvalue problem. The solution o f the algebraic eigenvalue 
problem can be found with readily available computer algorithms. It yields not only the 
desired eigenvalues, but also the required expansion coefficients, or eigenvectors. The new 
procedure is well adapted to automatic machine computation since it requires no initial 
estimates o f the eigenvalues. With this procedure we have greatly extended the range 
of validity o f the SVM for spheroidal particles. In principle one can find the eigenvalues 
and the corresponding eigenvectors for any desired value o f the spheroidal parameter 
c, provided one has access to resources that allow one to solve an eigenvalue problem 
large enough to ensure convergence of the method. This method for solving the vector 
Helmholtz equation is capable o f covering a wide range o f sizes and shapes o f  spheroidal 
particles. There remains a challenge in finding better procedures for calculating the radial 
spheroidal functions of the second kind for small arguments. The traditional expansions 
for these functions converges very slowly for small values o f the radial coordinate £. To 
solve the boundary value problem we need to evaluate the radial functions o f  the second 
kind on the surface of the spheroid. The surface of a spheroid is specified by the radial 
coordinate £o- The value of £o approaches its minimum possible value for spheroids with 
extreme aspect ratios. This means that spheroids with highly elongated shape represent 
a problem in terms of numerical computations that is not directly associated with the 
computations o f  the expansion coefficients.
Another part o f the new scattering model involves calculating the T-matrix for 
spheroidal particles. This T-matrix is then transformed into the spherical coordinate 
system which yields the traditional T-matrix. Once the T-matrix is found in the spher­
ical coordinate system, our scattering model proceeds by analytically calculating the 
ensemble-averaged single scattering optical properties for an arbitrary distribution of
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
109
randomly oriented spheroidal particles. This circumvents another problem in the con­
ventional use o f  the SVM where the calculation o f ensemble-averaged optical properties o f 
size-shape distributions o f randomly oriented spheroids is very inefficient and computer­
time intensive. A problem with the Extended Boundary Condition Method (EBCM) has 
been that it becomes numerically ill-conditioned when used with particles that deviates 
significantly from spherical shape. The new approach to the single scattering problem 
therefore circumvents the disadvantages o f the traditional SVM and the EBCM. while 
it retains the advantages of both methods. Thus, this new SVM approach allows for 
efficient computation of the optical properties o f size-shape distributions of randomly 
oriented small nonspherical particles over a range of shapes unprecedented by previous 
methods. One can therefore, for the first time, systematically study the effect o f parti­
cle shape on the single scattering optical properties over an extensive range o f particle 
shape. If so desired, the optical properties thus found can be used as input to a vector 
radiative transfer model which enables us to solve the full 4-vector problem (including 
polarization), using the results from the single-scattering computations.
A study o f the elements o f the phase matrix for various distributions of randomly 
oriented spheroids revealed that they are strongly sensitive to a variation in the effective 
aspect ratio o f a shape distribution. The same effect was observed for the single scat­
tering albedo and asymmetry parameter. A variance o f the effective size has somewhat 
less impact on the same parameters. As the width o f a distribution increases, features 
often seen in the phase function o f more uniform distributions tend to get washed out. 
Variation in particle shape has a greater impact on the phase functions than variation 
in particle size in this respect. Disk-like and needle-like, spheroids with extreme aspect 
ratios, have unique scattering properties in that they tend towards features observed for 
particles in the Rayleigh regime. This result may have important implications for remote 
sensing and optical particle sizing.
To test the new method in an application to atmospheric scattering, we modeled 
the backscattering characteristics o f Polar Stratospheric Clouds (PSCs). Comparison
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with results for similar computations presented in Ref. [20] revealed small differences for 
monodispersions that were ascribed to difference in sampling density in the resonance 
region. The primary conclusions drawn in Ref. [2] are valid in spite o f  these differences, 
although our results indicate that the type lb  PSC particles should be considered to be 
practically completely spherical. Extension o f the calculations to particles o f larger size 
revealed no significant new information in the backscatter. Most information seems to be 
in the resonance region, specifically at size parameters between 3 and 15. This should be 
taken into account when designing lidar systems for specific purposes. When modeling 
the backscattering characteristics o f PSCs the calculations should be performed on size- 
shape distributions o f  randomly oriented spheroids. Our results show that features in the 
backscatter typical for monodisperse particle distributions, tend to be smeared out and 
replaced by more smooth curves when polydisperse distributions are used. In general 
the linear depolarization ratio from such particle ensembles tend to be around 0.5. As 
a consequence, for realistic size-shape distributions likely to occur in nature, retrieval o f 
PSC particle size and shape with a lidar system becomes difficult, especially if only one 
wavelength is available. However, with a carefully chosen dual wavelength lidar system, 
or a variable wavelength lidar system, the size and shape o f nonspherical particles in a 
cloud can be inferred from the co-color ratio.
The comprehensive scattering model developed in this work has the potential o f be­
coming the equivalent o f the Mie theory for non-spherical particles. Using spheroids 
as a simplified shape capable of representing macroscopically averaged ensembles o f in­
dividual shapes, we now have a tool to investigate the optical properties o f naturally 
occurring ensembles o f  randomly oriented non-spherical particles. The advantage is that 
such ensembles can be accurately modeled by just adding one extra parameter to the 
description of the particles, namely a shape parameter. The model is not limited to 
particles with only mildly aspherical shapes, and it is very effective at doing ensem­
ble averages over realistic size-shape distributions. Future applications o f the model 
include, as briefly demonstrated here, further studies on the sensitivity o f optical prop­
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erties on various types o f distributions of randomly oriented particles, and to develop 
remote sensing retrieval algorithms. Another application is the development o f shape- 
parameterizations for modeling radiative transfer in a medium containing non-spherical 
particles, for example for use in climate models.
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